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A IOTA & THE COMPLEXNUMBER 01–04

A·0101
INTEGRAL POWERSOF IOTA

Euler introduced the symbol 𝑖, called iota, for the square root of −1,
with the defining property 𝑖2 = −1. He also called it the imaginary
unit.

A. POSITIVE INTEGRAL POWERS

𝑖 =
√

−1, 𝑖2 = −1, 𝑖3 = 𝑖2 ⋅ 𝑖 = −𝑖, 𝑖4 = (𝑖2)2 = 1

The powers then repeat with period four, so for any integer 𝑘
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𝑖4𝑘 = 1, 𝑖4𝑘+1 = 𝑖, 𝑖4𝑘+2 = −1, 𝑖4𝑘+3 = −𝑖

For 𝑛 > 4, the value of 𝑖𝑛 is 𝑖 𝑟, where 𝑟 is the remainder when 𝑛 is
divided by 4.

B. NEGATIVE INTEGRAL POWERS

𝑖−1 = 1
𝑖 = 𝑖

𝑖2 = −𝑖, 𝑖−2 = 1
𝑖2 = −1

𝑖−3 = 1
𝑖3 = 𝑖

𝑖4 = 𝑖, 𝑖−4 = 1
𝑖4 = 1

For 𝑛 > 4, 𝑖−𝑛 = 1
𝑖 𝑟 , where 𝑟 is the remainder when 𝑛 is divided by

4. By convention 𝑖0 = 1.

Caution. The rule
√𝑎 ⋅

√
𝑏 =

√
𝑎𝑏 holds only when at least one

of 𝑎 and 𝑏 is non-negative. Ignoring this gives the false chain
−1 = 𝑖2 =

√
−1

√
−1 = √(−1)(−1) =

√
1 = 1.

A·0202
IMAGINARYQUANTITIES

The square root of a negative real number is called an imaginary
quantity, or an imaginary number.

For example
√

−4 = 2𝑖,
√

−7 =
√

7 𝑖 and
√

−1 = 𝑖.
Every imaginary quantity can therefore be written as a real multiple
of 𝑖.

A·0303
COMPLEXNUMBERS

If 𝑎 and 𝑏 are real numbers, then a number of the form
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𝑧 = 𝑎 + 𝑖𝑏

is called a complex number. Here 𝑎 is the real part of 𝑧 and 𝑏 is the
imaginary part, written

𝑎 = Re(𝑧), 𝑏 = Im(𝑧)

i. 𝑧 is purely real if its imaginary part is zero, that is Im(𝑧) = 0.
ii. 𝑧 is purely imaginary if its real part is zero, that is Re(𝑧) = 0.

The set of all complex numbers is denoted by ℂ, and every real
number 𝑎 is the complex number 𝑎 + 𝑖0.

Note. The order relations < and > are not defined on ℂ. Two
complex numbers can be compared only for equality, never for
size, unless both happen to be real.

A·0404
EQUALITY OF COMPLEXNUMBERS

Two complex numbers 𝑧1 = 𝑎1 + 𝑖𝑏1 and 𝑧2 = 𝑎2 + 𝑖𝑏2 are equal
when their real parts are equal and their imaginary parts are equal:

𝑧1 = 𝑧2 ⟺ 𝑎1 = 𝑎2 and 𝑏1 = 𝑏2

Equivalently, Re(𝑧1) = Re(𝑧2) and Im(𝑧1) = Im(𝑧2).

Use. One complex equation carries two real equations. Com-
paring real and imaginary parts is the standard way to turn a
problem in ℂ into a pair of simultaneous real equations.

B ALGEBRAOF COMPLEXNUMBERS 05–08

B·0505
ADDITIONAND SUBTRACTION

For 𝑧1 = 𝑎1 + 𝑖𝑏1 and 𝑧2 = 𝑎2 + 𝑖𝑏2, addition is defined component-
wise:
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𝑧1 + 𝑧2 = (𝑎1 + 𝑎2) + 𝑖(𝑏1 + 𝑏2)

so Re(𝑧1 + 𝑧2) = Re(𝑧1) + Re(𝑧2) and Im(𝑧1 + 𝑧2) = Im(𝑧1) + Im(𝑧2).

PROPERTIES OF ADDITION

i. Commutative. 𝑧1 +𝑧2 = 𝑧2 +𝑧1 for any two complex numbers.

ii. Associative. (𝑧1 + 𝑧2) + 𝑧3 = 𝑧1 + (𝑧2 + 𝑧3) for any three.
iii. Additive identity. 0 = 0 + 𝑖0 satisfies 𝑧 + 0 = 0 + 𝑧 = 𝑧 for

every 𝑧 ∈ ℂ.
iv. Additive inverse. For every 𝑧 there is −𝑧 with 𝑧 + (−𝑧) =

(−𝑧) + 𝑧 = 0.

SUBTRACTION

Subtraction is addition of the additive inverse:

𝑧1 − 𝑧2 = 𝑧1 + (−𝑧2) = (𝑎1 − 𝑎2) + 𝑖(𝑏1 − 𝑏2)

B·0606
MULTIPLICATION

Multiplying 𝑧1 = 𝑎1 + 𝑖𝑏1 by 𝑧2 = 𝑎2 + 𝑖𝑏2 and using 𝑖2 = −1 gives
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𝑧1𝑧2 = (𝑎1𝑎2 − 𝑏1𝑏2) + 𝑖(𝑎1𝑏2 + 𝑎2𝑏1)

PROPERTIES OF MULTIPLICATION

i. Commutative. 𝑧1𝑧2 = 𝑧2𝑧1.

ii. Associative. (𝑧1𝑧2)𝑧3 = 𝑧1(𝑧2𝑧3).
iii. Multiplicative identity. 1 = 1 + 𝑖0 satisfies 𝑧 ⋅ 1 = 1 ⋅ 𝑧 = 𝑧.
iv. Multiplicative inverse. Every non-zero 𝑧 = 𝑎 + 𝑖𝑏 has an in-

verse 𝑧−1 with 𝑧 𝑧−1 = 1, namely
𝑧−1 = 𝑎

𝑎2 + 𝑏2 + 𝑖 −𝑏
𝑎2 + 𝑏2

v. Distributive over addition. 𝑧1(𝑧2 + 𝑧3) = 𝑧1𝑧2 + 𝑧1𝑧3.

B·0707
DIVISION AND RECIPROCAL

Division by a non-zero 𝑧2 is multiplication by its inverse:

𝑧1
𝑧2

= 𝑧1 𝑧−1
2 = 𝑧1 ( 1

𝑧2
) , 𝑧2 ≠ 0

The reciprocal of a non-zero 𝑧 is obtained bymultiplying above and
below by the conjugate:
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1
𝑧 = ̄𝑧

𝑧 ̄𝑧 = ̄𝑧
|𝑧|2

In practice. To simplify
𝑧1
𝑧2
, multiply numerator and denomina-

tor by ̄𝑧2. The denominator becomes the real number |𝑧2|2, and
the real and imaginary parts can then be read off directly.

B·0808
CONJUGATE OF A COMPLEXNUMBER

The conjugate of 𝑧 = 𝑎 + 𝑖𝑏 is obtained by changing the sign of the
imaginary part:
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̄𝑧 = 𝑎 − 𝑖𝑏

PROPERTIES OF THE CONJUGATE

i. ( ̄𝑧) = 𝑧
ii. 𝑧 + ̄𝑧 = 2Re(𝑧)

iii. 𝑧 − ̄𝑧 = 2𝑖 Im(𝑧)
iv. 𝑧 = ̄𝑧 ⟺ 𝑧 is purely real
v. 𝑧 + ̄𝑧 = 0 ⟺ 𝑧 is purely imaginary

vi. 𝑧 ̄𝑧 = [Re(𝑧)]2 + [ Im(𝑧)]2 = |𝑧|2

vii. 𝑧1 + 𝑧2 = ̄𝑧1 + ̄𝑧2 and 𝑧1 − 𝑧2 = ̄𝑧1 − ̄𝑧2

viii. 𝑧1𝑧2 = ̄𝑧1 ̄𝑧2

ix. (𝑧1
𝑧2

) = ̄𝑧1
̄𝑧2
, 𝑧2 ≠ 0

C MODULUS & ARGUMENT 09–13

C·0909
MODULUS OF A COMPLEXNUMBER

The modulus of 𝑧 = 𝑎 + 𝑖𝑏 is denoted by |𝑧| and defined as
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|𝑧| = √𝑎2 + 𝑏2 = √[Re(𝑧)]2 + [ Im(𝑧)]2

Geometrically |𝑧| is the distance of the point 𝑧 from the origin in the
Argand plane, so it is always a non-negative real number.

C·1010
PROPERTIES OF THEMODULUS

For 𝑧, 𝑧1, 𝑧2 ∈ ℂ:
i. |𝑧| = 0 ⟺ 𝑧 = 0, that is Re(𝑧) = Im(𝑧) = 0
ii. |𝑧| = | ̄𝑧| = | − 𝑧|

iii. −|𝑧| ≤ Re(𝑧) ≤ |𝑧| and −|𝑧| ≤ Im(𝑧) ≤ |𝑧|
iv. 𝑧 ̄𝑧 = |𝑧|2

v. |𝑧1𝑧2| = |𝑧1||𝑧2|

vi. ∣𝑧1
𝑧2

∣ = |𝑧1|
|𝑧2| , 𝑧2 ≠ 0

vii. |𝑧1 + 𝑧2|2 = |𝑧1|2 + |𝑧2|2 + 2Re(𝑧1 ̄𝑧2)
viii. |𝑧1 − 𝑧2|2 = |𝑧1|2 + |𝑧2|2 − 2Re(𝑧1 ̄𝑧2)
ix. |𝑧1 + 𝑧2|2 + |𝑧1 − 𝑧2|2 = 2(|𝑧1|2 + |𝑧2|2)
x. |𝑎𝑧1 − 𝑏𝑧2|2 + |𝑏𝑧1 + 𝑎𝑧2|2 = (𝑎2 + 𝑏2)(|𝑧1|2 + |𝑧2|2)

Triangle inequality. For all 𝑧1, 𝑧2,
∣|𝑧1| − |𝑧2|∣ ≤ |𝑧1 + 𝑧2| ≤ |𝑧1| + |𝑧2|
with equality on the right when 𝑧1 and 𝑧2 have the same argu-
ment.

C·1111
ARGUMENTOF ACOMPLEXNUMBER

The angle 𝜃 that the vector representing 𝑧 makes with the positive
direction of the 𝑥-axis, measured anticlockwise, is called the argu-
ment or amplitude of 𝑧, written arg(𝑧) or amp(𝑧). From the right
triangle in the Argand plane,
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tan 𝜃 = 𝑦
𝑥 = Im(𝑧)

Re(𝑧) ⇒ 𝜃 = tan−1( Im(𝑧)
Re(𝑧))

This angle has infinitely many values differing by multiples of 2𝜋.
The unique value satisfying −𝜋 < 𝜃 ≤ 𝜋 is the principal value of the
argument, or the principal argument.

ALGORITHM FOR THE PRINCIPAL ARGUMENT

i. Find the acute angle 𝛼 = ∣tan−1 ∣ 𝑦𝑥∣∣, which lies between 0 and
𝜋
2 .

ii. Locate the quadrant of the point 𝑃(𝑥, 𝑦) and read off the ar-
gument:
first quadrant: arg(𝑧) = 𝛼
second quadrant: arg(𝑧) = 𝜋 − 𝛼
third quadrant: arg(𝑧) = 𝛼 − 𝜋
fourth quadrant: arg(𝑧) = −𝛼

Other convention. If the argument is instead taken in [0, 2𝜋),
add 2𝜋 to the negative answers: the third quadrant gives 𝜋 + 𝛼
and the fourth gives 2𝜋 − 𝛼. Always state which convention is
in use.

C·1212
POLAR AND EULER FORM

Writing 𝑟 = |𝑧| and 𝜃 = arg(𝑧), the point 𝑧 = 𝑎 + 𝑖𝑏 has 𝑎 = 𝑟 cos 𝜃
and 𝑏 = 𝑟 sin 𝜃, so
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𝑧 = 𝑟(cos 𝜃 + 𝑖 sin 𝜃) = 𝑟 𝑒𝑖𝜃

the polar form and the Euler form of 𝑧, using Euler’s relation

𝑒𝑖𝜃 = cos 𝜃 + 𝑖 sin 𝜃

Multiplication and division are especially simple in this form: mod-
uli multiply and divide while arguments add and subtract.

𝑧1𝑧2 = 𝑟1𝑟2[cos(𝜃1 + 𝜃2) + 𝑖 sin(𝜃1 + 𝜃2)]

𝑧1
𝑧2

= 𝑟1
𝑟2

[cos(𝜃1 − 𝜃2) + 𝑖 sin(𝜃1 − 𝜃2)]

C·1313
RESULTS ONMODULUS ANDARGUMENT

Let 𝑧, 𝑧1, 𝑧2 be complex numbers with arguments 𝜃1 and 𝜃2 respec-
tively. Then:

i. arg( ̄𝑧) = −arg(𝑧)
ii. arg(𝑧1𝑧2) = arg(𝑧1) + arg(𝑧2)

iii. arg(𝑧1 ̄𝑧2) = arg(𝑧1) − arg(𝑧2)

iv. arg(𝑧1
𝑧2

) = arg(𝑧1) − arg(𝑧2)

v. |𝑧1 + 𝑧2|2 = |𝑧1|2 + |𝑧2|2 + 2|𝑧1||𝑧2|cos(𝜃1 − 𝜃2)
vi. |𝑧1 − 𝑧2|2 = |𝑧1|2 + |𝑧2|2 − 2|𝑧1||𝑧2|cos(𝜃1 − 𝜃2)

vii. |𝑧1 + 𝑧2| = |𝑧1 − 𝑧2| ⟺ arg(𝑧1) − arg(𝑧2) = 𝜋
2

viii. |𝑧1 + 𝑧2| = |𝑧1| + |𝑧2| ⟺ arg(𝑧1) = arg(𝑧2)

Note. The four argument identities hold up to an added multi-
ple of 2𝜋. If principal values are demanded, adjust the answer
back into (−𝜋, 𝜋] at the end.

D POWERS & ROOTS 14–18

D·1414
SQUARE ROOTSOF A COMPLEXNUMBER

For a complex number 𝑧 with Im(𝑧) > 0,
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√𝑧 = ± [√1
2{|𝑧| + Re(𝑧)} + 𝑖√1

2{|𝑧| − Re(𝑧)}]

and for Im(𝑧) < 0,

√𝑧 = ± [√1
2{|𝑧| + Re(𝑧)} − 𝑖√1

2{|𝑧| − Re(𝑧)}]

Reading the sign. The two expressions differ only in the sign
before 𝑖, and that sign follows the sign of Im(𝑧). Both square
roots always come as a ± pair.

D·1515
DEMOIVRE'S THEOREM

For every integer 𝑛,
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(cos 𝜃 + 𝑖 sin 𝜃)𝑛 = cos𝑛𝜃 + 𝑖 sin𝑛𝜃

and consequently

(cos 𝜃 − 𝑖 sin 𝜃)𝑛 = cos𝑛𝜃 − 𝑖 sin𝑛𝜃

1
cos 𝜃 + 𝑖 sin 𝜃 = (cos 𝜃 + 𝑖 sin 𝜃)−1 = cos 𝜃 − 𝑖 sin 𝜃

Caution. The theorem does not apply to sin 𝜃 + 𝑖cos 𝜃, so
(sin 𝜃 + 𝑖cos 𝜃)𝑛 ≠ sin𝑛𝜃 + 𝑖cos𝑛𝜃
Convert first, using sin 𝜃+𝑖cos 𝜃 = 𝑖(cos 𝜃−𝑖 sin 𝜃), which gives
(sin 𝜃 + 𝑖cos 𝜃)𝑛 = 𝑖𝑛(cos𝑛𝜃 − 𝑖 sin𝑛𝜃).

Fractional index. If 𝑛 = 𝑝
𝑞 in lowest terms, then (cos 𝜃 +

𝑖 sin 𝜃)𝑝/𝑞 has 𝑞 distinct values, one of which is cos 𝑝𝜃
𝑞 + 𝑖 sin 𝑝𝜃

𝑞 .

D·1616
ROOTSOF A COMPLEXNUMBER

Let 𝑧 = 𝑎 + 𝑖𝑏 have modulus 𝑟 and argument 𝜃. The 𝑛th roots of 𝑧
are
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𝑧1/𝑛 = 𝑟1/𝑛 {cos 𝜃 + 2𝑘𝜋
𝑛 + 𝑖 sin 𝜃 + 2𝑘𝜋

𝑛 }

for 𝑘 = 0, 1, 2, … , 𝑛−1, which gives exactly 𝑛 distinct values. Taking
𝑘 = 0 gives the principal root

𝑟1/𝑛 {cos 𝜃
𝑛 + 𝑖 sin 𝜃

𝑛}

Geometry. All 𝑛 roots have the same modulus 𝑟1/𝑛, so they lie
on a circle of that radius centred at the origin, spaced

2𝜋
𝑛 apart.

They are the vertices of a regular polygon of 𝑛 sides.

D·1717
CUBE ROOTSOF UNITY

Putting 𝑧 = (1)1/3 gives 𝑧 = 𝑒𝑖2𝑘𝜋/3, so the cube roots of unity are
1, 𝛼, 𝛼2 with 𝛼 = 𝑒𝑖2𝜋/3. Writing 𝜔 for 𝑒𝑖2𝜋/3,
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𝜔 = cos
2𝜋
3 + 𝑖 sin 2𝜋

3 = −1
2 + 𝑖

√
3

2

𝜔2 = −1
2 − 𝑖

√
3

2

PROPERTIES OF THE CUBE ROOTS OF UNITY

i. The cube roots of unity are 1, 𝜔, 𝜔2.

ii. arg(𝜔) = 2𝜋
3 and arg(𝜔2) = 4𝜋

3
iii. 𝑧3 − 1 = (𝑧 − 1)(𝑧 − 𝜔)(𝑧 − 𝜔2)
iv. 𝜔 and 𝜔2 are the roots of 𝑧2 + 𝑧 + 1 = 0
v. They lie on the unit circle |𝑧| = 1 and divide its circumference

into three equal parts.

vi. 1 + 𝜔𝑛 + 𝜔2𝑛 =
⎧{
⎨{⎩

0, 𝑛 not a multiple of 3
3, 𝑛 a multiple of 3

vii. The cube roots of −1 are −1, −𝜔, −𝜔2.

viii. 𝑧3 + 1 = (𝑧 + 1)(𝑧 + 𝜔)(𝑧 + 𝜔2)
ix. −𝜔 and −𝜔2 are the roots of 𝑧2 − 𝑧 + 1 = 0
x. 𝑎3 + 𝑏3 = (𝑎 + 𝑏)(𝑎 + 𝑏𝜔)(𝑎 + 𝑏𝜔2) and

𝑎3 − 𝑏3 = (𝑎 − 𝑏)(𝑎 − 𝑏𝜔)(𝑎 − 𝑏𝜔2)
𝑎2 + 𝑏2 + 𝑐2 − 𝑎𝑏 − 𝑏𝑐 − 𝑐𝑎 = (𝑎 + 𝑏𝜔 + 𝑐𝜔2)(𝑎 + 𝑏𝜔2 + 𝑐𝜔)
𝑎3 + 𝑏3 + 𝑐3 − 3𝑎𝑏𝑐 = (𝑎 + 𝑏 + 𝑐)(𝑎 + 𝑏𝜔 + 𝑐𝜔2)(𝑎 + 𝑏𝜔2 + 𝑐𝜔)

xi. 1 + 𝜔 + 𝜔2 = 0
xii. 𝜔3𝑛 = 1 for every integer 𝑛

D·1818
𝑛TH ROOTSOF UNITY

Let 𝑧 = 11/𝑛. Since 1 = cos 2𝑟𝜋 + 𝑖 sin 2𝑟𝜋 for every integer 𝑟,

𝑧 = (cos 2𝑟𝜋 + 𝑖 sin 2𝑟𝜋)1/𝑛 = cos
2𝑟𝜋
𝑛 + 𝑖 sin 2𝑟𝜋

𝑛 = 𝑒𝑖2𝑟𝜋/𝑛

for 𝑟 = 0, 1, 2, … , 𝑛 − 1. Writing 𝛼 = 𝑒𝑖2𝜋/𝑛, the 𝑛th roots of unity are
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1 (= 𝛼0), 𝛼, 𝛼2, 𝛼3, … , 𝛼𝑛−1

𝛼 = 𝑒𝑖2𝜋/𝑛 = cos
2𝜋
𝑛 + 𝑖 sin 2𝜋

𝑛

PROPERTIES OF THE 𝑛TH ROOTS OF UNITY

i. They form a GP with common ratio 𝑒𝑖2𝜋/𝑛.

ii. Their sum is always zero.

iii. The sum of the 𝑝th powers of the 𝑛th roots of unity is zero
when 𝑝 is not a multiple of 𝑛.

iv. That sum equals 𝑛 when 𝑝 is a multiple of 𝑛.
v. Their product is (−1)𝑛−1.

vi. They lie on the unit circle |𝑧| = 1 and divide its circumference
into 𝑛 equal parts.
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