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A RELATIONS 01–06

A·0101
ORDERED PAIRS ANDCARTESIAN PRODUCT

A. ORDERED PAIR

A pair of elements written in a definite order is an ordered pair. In
(𝑥, 𝑦) the element 𝑥 is the first component, or first coordinate, and
𝑦 is the second.

B. CARTESIAN PRODUCT

For sets 𝐴 and 𝐵, the set of all ordered pairs (𝑎, 𝑏) with 𝑎 ∈ 𝐴 and
𝑏 ∈ 𝐵 is the cartesian product of 𝐴 and 𝐵, read as 𝐴 cross 𝐵:

𝐴 × 𝐵 = {(𝑎, 𝑏) ∶ 𝑎 ∈ 𝐴 and 𝑏 ∈ 𝐵}

For 𝑛 sets 𝐴1, 𝐴2, … , 𝐴𝑛 the product is the set of 𝑛-tuples

K E Y

𝐴1 × 𝐴2 × ⋯ × 𝐴𝑛 = {(𝑎1, 𝑎2, … , 𝑎𝑛) ∶ 𝑎𝑖 ∈ 𝐴𝑖 for 1 ≤ 𝑖 ≤ 𝑛}

C. COUNTING

If 𝐴 and 𝐵 are finite, then 𝑛(𝐴 × 𝐵) = 𝑛(𝐴) ⋅ 𝑛(𝐵), and more gen-
erally

𝑛(𝐴1 × 𝐴2 × ⋯ × 𝐴𝑚) = 𝑛(𝐴1) 𝑛(𝐴2) ⋯ 𝑛(𝐴𝑚)

A·0202
PROPERTIES OF THE CARTESIAN PRODUCT

Let 𝐴, 𝐵, 𝐶 and 𝐷 be sets and let 𝜙 be the empty set.

i. 𝐴 × 𝐵 = 𝜙 ⟺ 𝐴 = 𝜙 or 𝐵 = 𝜙
ii. If one of 𝐴 and 𝐵 is infinite and the other is non-empty, then

𝐴 × 𝐵 is infinite.

iii. 𝐴 × 𝐵 = 𝐵 × 𝐴 ⟺ 𝐴 = 𝐵

THEOREM ON THE CARTESIAN PRODUCT

i. 𝐴 × (𝐵 ∪ 𝐶) = (𝐴 × 𝐵) ∪ (𝐴 × 𝐶)
ii. (𝐴 ∪ 𝐵) × 𝐶 = (𝐴 × 𝐶) ∪ (𝐵 × 𝐶)

iii. 𝐴 × (𝐵 ∩ 𝐶) = (𝐴 × 𝐵) ∩ (𝐴 × 𝐶)
iv. (𝐴 ∩ 𝐵) × 𝐶 = (𝐴 × 𝐶) ∩ (𝐵 × 𝐶)
v. (𝐴 ∪ 𝐵) × (𝐶 ∪ 𝐷) = (𝐴 × 𝐶) ∪ (𝐴 × 𝐷) ∪ (𝐵 × 𝐶) ∪ (𝐵 × 𝐷)

vi. (𝐴 − 𝐵) × 𝐶 = (𝐴 × 𝐶) − (𝐵 × 𝐶)
vii. 𝐴 × (𝐵 − 𝐶) = 𝐴 × 𝐵 − 𝐴 × 𝐶

A·0303
RELATION, DOMAIN AND RANGE

A relation 𝑅 from a non-empty set 𝐴 to a non-empty set 𝐵 is a
subset of the cartesian product:
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𝑅 ⊆ 𝐴 × 𝐵

If (𝑎, 𝑏) ∈ 𝑅 we say 𝑎 is related to 𝑏 and write 𝑎 𝑅 𝑏.

DOMAIN AND RANGE

i. The set of all first components of the ordered pairs in 𝑅 is
the domain of 𝑅, written Dom𝑅.

ii. The set of all second components is the range of 𝑅, written
range(𝑅).

NUMBER OF RELATIONS

If 𝐴 and 𝐵 are finite with 𝑛(𝐴) = 𝑚 and 𝑛(𝐵) = 𝑛, then the number
of relations from 𝐴 to 𝐵 is

2𝑚𝑛

which counts the empty relation and the whole of 𝐴 × 𝐵 among
them.

Relation on a set. If 𝐴 is a set, any subset of 𝐴 × 𝐴 is a binary
relation on 𝐴, or simply a relation on 𝐴.

A·0404
TYPES OF RELATIONS

Let 𝑅 be a relation on a non-empty set 𝑋.

i. Empty or void relation. No element of 𝑋 is related to any
element of 𝑋, so 𝑅 = 𝜙 ⊆ 𝑋 × 𝑋.

ii. Universal relation. Every element is related to every ele-
ment, so 𝑅 = 𝑋 × 𝑋.

iii. Reflexive. (𝑥, 𝑥) ∈ 𝑅 for all 𝑥 ∈ 𝑋.

iv. Symmetric. (𝑥, 𝑦) ∈ 𝑅 ⇒ (𝑦, 𝑥) ∈ 𝑅.
v. Transitive. (𝑥, 𝑦) ∈ 𝑅 and (𝑦, 𝑧) ∈ 𝑅 ⇒ (𝑥, 𝑧) ∈ 𝑅.

vi. Equivalence relation. 𝑅 is reflexive, symmetric and transi-
tive at the same time.

Note. The empty and the universal relation are the two ex-
treme relations on a set: one contains no pair at all, the other
contains every pair.

A·0505
COMPOSITIONAND INVERSE OF RELATIONS

A. COMPOSITION

Let 𝑅 be a relation from 𝐴 to 𝐵 and 𝑆 a relation from 𝐵 to 𝐶. Their
composition 𝑆 ∘ 𝑅 is a relation from 𝐴 to 𝐶:
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𝑆 ∘ 𝑅 = {(𝑎, 𝑐) ∈ 𝐴 × 𝐶 ∶ ∃ 𝑏 ∈ 𝐵 with (𝑎, 𝑏) ∈ 𝑅 and (𝑏, 𝑐) ∈ 𝑆}

THEOREM ON COMPOSITION

i. 𝑆 ∘ 𝑅 ≠ 𝜙 if and only if range(𝑅) ∩ Dom(𝑆) ≠ 𝜙
ii. Dom(𝑆 ∘ 𝑅) = Dom(𝑅)

iii. range(𝑆 ∘ 𝑅) ⊆ range(𝑆)
iv. For relations 𝑅 ⊆ 𝐴 × 𝐵, 𝑆 ⊆ 𝐵 × 𝐶 and 𝑇 ⊆ 𝐶 × 𝐷,

(𝑇 ∘ 𝑆) ∘ 𝑅 = 𝑇 ∘ (𝑆 ∘ 𝑅)

B. INVERSE RELATION

For a relation 𝑅 from 𝐴 to 𝐵, the inverse relation 𝑅−1 from 𝐵 to 𝐴
is

𝑅−1 = {(𝑏, 𝑎) ∈ 𝐵 × 𝐴 ∶ (𝑎, 𝑏) ∈ 𝑅}

THEOREM ON INVERSE RELATIONS

i. (𝑆 ∘ 𝑅)−1 = 𝑅−1 ∘ 𝑆−1

ii. (𝑅−1)−1 = 𝑅

A·0606
PARTITIONAND EQUIVALENCE CLASSES

PARTITION OF A SET

Let 𝑋 be a non-empty set. A class of subsets of 𝑋 is a partition of
𝑋 if the subsets are pairwise disjoint and their union is the whole
of 𝑋.

EQUIVALENCE CLASS

Let 𝑅 be an equivalence relation on 𝑋. For 𝑥 ∈ 𝑋, the set

𝑅(𝑥) = {𝑦 ∈ 𝑋 ∶ (𝑥, 𝑦) ∈ 𝑅}

is the equivalence class of 𝑥 with respect to 𝑅, also called the
𝑅-class of 𝑥.

Why it matters. The equivalence classes of an equivalence
relation on 𝑋 are pairwise disjoint and cover 𝑋, so every
equivalence relation partitions the set, and every partition
arises this way.

B FUNCTIONS & TYPES 07–11

B·0707
FUNCTION, DOMAIN, CODOMAIN AND
RANGE

A relation 𝑓 from a set 𝐴 to a set 𝐵 is a function from 𝐴 to 𝐵 if to
each 𝑎 ∈ 𝐴 there corresponds exactly one 𝑏 ∈ 𝐵 with (𝑎, 𝑏) ∈ 𝑓 .
We write
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𝑓 ∶ 𝐴 → 𝐵

A relation 𝑓 ⊆ 𝐴 × 𝐵 is a function from 𝐴 to 𝐵 precisely when

i. domain(𝑓) = 𝐴, so every element of 𝐴 is used, and

ii. (𝑎, 𝑏) ∈ 𝑓 and (𝑎, 𝑐) ∈ 𝑓 ⇒ 𝑏 = 𝑐, so no element of 𝐴 has two
images.

DOMAIN, CODOMAIN AND RANGE

For 𝑓 ∶ 𝐴 → 𝐵 the set 𝐴 is the domain and 𝐵 is the codomain. The
range is the set of images

𝑓(𝐴) = {𝑓(𝑎) ∶ 𝑎 ∈ 𝐴}

also called the image set of 𝐴 under 𝑓 . Always 𝑓(𝐴) ⊆ 𝐵.

B·0808
REAL VALUED FUNCTIONS AND
OPERATIONS

If the range of a function is a subset of the real numbers ℝ, the
function is called a real valued function.

OPERATIONS AMONG REAL VALUED FUNCTIONS

Let 𝑓 and 𝑔 be real valued functions defined on a set 𝐴. On 𝐴 we
define 𝑓 + 𝑔, 𝑓 − 𝑔 and 𝑓 ⋅ 𝑔 by

i. (𝑓 + 𝑔)(𝑎) = 𝑓(𝑎) + 𝑔(𝑎)
ii. (𝑓 − 𝑔)(𝑎) = 𝑓(𝑎) − 𝑔(𝑎)

iii. (𝑓 ⋅ 𝑔)(𝑎) = 𝑓(𝑎) ⋅ 𝑔(𝑎)
iv. If 𝑔(𝑎) ≠ 0 for all 𝑎 ∈ 𝐴, then

(𝑓
𝑔 ) (𝑎) = 𝑓(𝑎)

𝑔(𝑎)
v. If 𝑛 is a positive integer, then 𝑓 𝑛(𝑎) = (𝑓(𝑎))𝑛

B·0909
ONE-ONE FUNCTION (INJECTION)

A function 𝑓 ∶ 𝐴 → 𝐵 is one-one, or an injection, if distinct ele-
ments of 𝐴 have distinct images:
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𝑓(𝑎1) ≠ 𝑓(𝑎2) for all 𝑎1 ≠ 𝑎2 in 𝐴

Equivalently, 𝑓(𝑎1) = 𝑓(𝑎2) ⇒ 𝑎1 = 𝑎2.

Test. If 𝑓(𝑥) is strictly increasing throughout its domain, or
strictly decreasing throughout, then 𝑓 is one-one. For a dif-
ferentiable 𝑓 this means 𝑓 ′(𝑥) > 0 everywhere, or 𝑓 ′(𝑥) < 0
everywhere.

B·1010
ONTO FUNCTIONAND BIJECTION

A. ONTO FUNCTION (SURJECTION)

A function 𝑓 ∶ 𝐴 → 𝐵 is onto, or a surjection, if its range equals its
codomain, that is
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𝑓(𝐴) = 𝐵

so for each 𝑏 ∈ 𝐵 there exists at least one 𝑎 ∈ 𝐴 with 𝑓(𝑎) = 𝑏.

B. ONE-ONE AND ONTO (BIJECTION)

A function 𝑓 ∶ 𝐴 → 𝐵 is a bijection if it is both an injection and a
surjection, that is both one-one and onto.

Note. Only a bijection can be inverted. Being one-one alone,
or onto alone, is not enough for 𝑓−1 to exist as a function.

B·1111
COMPOSITIONOF FUNCTIONS

Let 𝑓 ∶ 𝐴 → 𝐵 and 𝑔 ∶ 𝐵 → 𝐶. The composition of 𝑓 with 𝑔, written
𝑔 ∘ 𝑓 , is the function
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𝑔 ∘ 𝑓 ∶ 𝐴 → 𝐶, (𝑔 ∘ 𝑓)(𝑎) = 𝑔(𝑓(𝑎)) ∀ 𝑎 ∈ 𝐴

Composition is associative: for 𝑓 ∶ 𝐴 → 𝐵, 𝑔 ∶ 𝐵 → 𝐶 and
ℎ ∶ 𝐶 → 𝐷,

(ℎ ∘ 𝑔) ∘ 𝑓 = ℎ ∘ (𝑔 ∘ 𝑓)

PROPERTIES OF COMPOSITION

i. If 𝑓 and 𝑔 are injections, then 𝑔 ∘ 𝑓 is an injection.

ii. If 𝑔 ∘ 𝑓 is an injection, then 𝑓 is an injection.

iii. If 𝑓 and 𝑔 are surjections, then 𝑔 ∘ 𝑓 is a surjection.

iv. If 𝑔 ∘ 𝑓 is a surjection, then 𝑔 is a surjection.
v. If 𝑓 and 𝑔 are bijections, then 𝑔 ∘ 𝑓 ∶ 𝐴 → 𝐶 is a bijection.

C SPECIAL FUNCTIONS 12–15

C·1212
IDENTITY FUNCTION

A function 𝑓 ∶ 𝐴 → 𝐴 is the identity function on 𝐴 if it leaves every
element unchanged:
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𝑓(𝑥) = 𝑥 ∀ 𝑥 ∈ 𝐴

It is denoted by 𝐼𝐴, and it is a bijection from 𝐴 onto itself.

C·1313
INVERSE FUNCTION

Let 𝑓 ∶ 𝐴 → 𝐵 be a bijection. Then there exists a function
𝑔 ∶ 𝐵 → 𝐴 satisfying
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𝑔 ∘ 𝑓 = 𝐼𝐴, 𝑓 ∘ 𝑔 = 𝐼𝐵

that is, 𝑔(𝑓(𝑎)) = 𝑎 for every 𝑎 ∈ 𝐴 and 𝑓(𝑔(𝑏)) = 𝑏 for every 𝑏 ∈ 𝐵.
This 𝑔 is the inverse of 𝑓 , written 𝑓−1.

PROPERTIES OF THE INVERSE

i. The inverse of a bijection is unique.

ii. The graphs of 𝑓 and 𝑓−1 are mirror images of each other in
the line 𝑦 = 𝑥.

For instance 𝑦 = 𝑥2 on 𝑥 ≥ 0 and 𝑦 = √𝑥 are inverse to each other:

X

Y

O

𝑦 = 𝑥

𝑦 = 𝑥2

𝑦 = √𝑥

C·1414
INTEGRAL AND FRACTIONAL PART
FUNCTIONS

For a real number 𝑥, the greatest integer less than or equal to 𝑥 is
the integral part of 𝑥, written [𝑥], and the integral part function is
𝑓(𝑥) = [𝑥]. What is left over,
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{𝑥} = 𝑥 − [𝑥]

is the fractional part of 𝑥, and 𝑓(𝑥) = {𝑥} is the fractional part
function, which always takes values in [0, 1).

𝑓(𝑥) = [𝑥]

1

𝑓(𝑥) = {𝑥}

STANDARD RESULTS

i. [𝑥 + 𝑦] =
⎧{
⎨{⎩

[𝑥] + [𝑦], {𝑥} + {𝑦} < 1
[𝑥] + [𝑦] + 1, {𝑥} + {𝑦} ≥ 1

ii. [𝑥 + 𝑦] ≥ [𝑥] + [𝑦], with equality if and only if {𝑥} + {𝑦} < 1.
iii. If 𝑥 or 𝑦 is an integer, then [𝑥 + 𝑦] = [𝑥] + [𝑦].

C·1515
PERIODIC FUNCTION

Let 𝐴 ⊆ ℝ and 𝑓 ∶ 𝐴 → ℝ. A positive real number 𝑇 is a period of
𝑓 if
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𝑓(𝑥 + 𝑇 ) = 𝑓(𝑥)

whenever both 𝑥 and 𝑥 + 𝑇 belong to 𝐴. A function with such a 𝑇
is called periodic, and the smallest such 𝑇 , when it exists, is the
fundamental period.

D BEHAVIOUR OF FUNCTIONS 16–19

D·1616
INCREASINGAND DECREASING FUNCTIONS

INCREASING

𝑓 is increasing if the output rises as the input rises: larger 𝑥 gives
larger 𝑓(𝑥). For a differentiable function this holds when
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𝑓 ′(𝑥) > 0

DECREASING

𝑓 is decreasing if the output falls as the input rises: larger 𝑥 gives
smaller 𝑓(𝑥). For a differentiable function this holds when

𝑓 ′(𝑥) < 0

Link to injectivity. A function that is strictly increasing on its
whole domain, or strictly decreasing on its whole domain, is
automatically one-one, and so is invertible onto its range.

D·1717
EVENANDODD FUNCTIONS

Let 𝑓 ∶ 𝐴 → ℝ with 𝐴 symmetric about the origin. Then 𝑓 is even
if
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𝑓(−𝑥) = 𝑓(𝑥) ∀ 𝑥 ∈ 𝐴

and 𝑓 is odd if

𝑓(−𝑥) = −𝑓(𝑥) ∀ 𝑥 ∈ 𝐴

even: 𝑓(−𝑥) = 𝑓(𝑥) odd: 𝑓(−𝑥) = −𝑓(𝑥)

D·1818
PROPERTIES OF ODDAND EVEN FUNCTIONS

i. 𝑓(𝑥) − 𝑓(−𝑥) = 0 ⇒ 𝑓(𝑥) is even.
ii. 𝑓(𝑥) + 𝑓(−𝑥) = 0 ⇒ 𝑓(𝑥) is odd.

iii. A function need not be either even or odd.

iv. The inverse of an even function is not defined, because an
even function is never one-one on a symmetric domain.

v. The graph of an even function is symmetric about the 𝑌 -
axis; the graph of an odd function is symmetric about the
origin.

vi. 𝑓(𝑥) = 0 is the only function that is both even and odd.

Every function can be split into an even part and an odd part:

𝑓(𝑥) = 𝑓(𝑥) + 𝑓(−𝑥)
2⏟⏟⏟⏟⏟⏟⏟

even

+ 𝑓(𝑥) − 𝑓(−𝑥)
2⏟⏟⏟⏟⏟⏟⏟
odd

D·1919
GENERAL FUNCTIONAL EQUATIONS

Let 𝑥 and 𝑦 be independent variables. Each functional equation
below forces the shape of 𝑓 :

i. 𝑓(𝑥𝑦) = 𝑓(𝑥) + 𝑓(𝑦) ⇒ 𝑓(𝑥) = 𝑘 ln𝑥 or 𝑓(𝑥) = 0
ii. 𝑓(𝑥𝑦) = 𝑓(𝑥) 𝑓(𝑦) ⇒ 𝑓(𝑥) = 𝑥𝑛, 𝑛 ∈ ℝ

iii. 𝑓(𝑥 + 𝑦) = 𝑓(𝑥) 𝑓(𝑦) ⇒ 𝑓(𝑥) = 𝑎𝑘𝑥

iv. 𝑓(𝑥+𝑦) = 𝑓(𝑥)+𝑓(𝑦) ⇒ 𝑓(𝑥) = 𝑘𝑥, where 𝑘 is any constant

Method. Substitute convenient values such as 𝑥 = 𝑦 = 1,
𝑥 = 𝑦 = 0 or 𝑦 = 1

𝑥 to pin down 𝑓(1) and 𝑓(0) first, then look
for the pattern above.
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