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FUNCTIONS &
A

COMPOUND ANGLES

01
DOMAIN AND RANGE OF

TRIGONOMETRIC FUNCTIONS

siné R [—1,1]

cos ¥ R [—1,1]

tand T R
{(Zn—i— 1)5 'n € Z}

cotd R—{nm:necZ} R

sec T R—(—1,1)
{(Zn—i— 1)5 'n € Z}

cosecf R—{nm:neZ} R—(—1,1)

Reading the ranges. Sine and cosine are
bounded, so their ranges are closed intervals.
Secant and cosecant are their reciprocals, so
their values never fall strictly between —1 and
1. Tangent and cotangent are unbounded and
take every real value.

02
SUM AND DIFFERENCE
FORMULAE
KEY
sin(A+ B) =sin Acos B+ cos AsinB
sin(A— B) =sin Acos B—cos AsinB
cos(A+ B) =cos AcosB—sinAsinB
cos(A— B) =cosAcos B+sin Asin B
_ tanA+tanB _ tanA-—tanB
@A+ B8 = —Gna@ng @48 = 1 +tan Atan B
cotAcotB —1 cotAcotB +1
coA+B) = cotB+cotA’ COUA=B) =t B —cota

TWO USEFUL PRODUCTS

Sin(A + B)sin(A— B) = sin” A — sin° B = cos?> B — cos? 4

cos(A + B)cos(A — B) = cos? A —sin’ B = cos? B —sin’ A
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03
T-RATIOS OF MULTIPLE
ANGLES
KEY
sin20 = 2sinfcosf = Lﬂz
1+tan“ 0

1 —tan’6

c0s20 = cos?f —sin“# =2cos20—1=1—2sin"0 = 5
1+tan“ 6

1+ cos26 =2cos?6, 1—cos20 =2sin" ¢

1+ cos20 5 1—-cos20 . o

——————— = C0Ss°0, ———— =sin"¢
2 2

2tano

tan29:—2
1—tan“ 6

TRIPLE ANGLES

sin39:35in9—4sin39, cos 30 =4cos®*H — 3cosh

3tand —tan’ ¢
1 —3tan®9

tan 360 =

04
MAXIMUM AND MINIMUM

VALUES

For an expression of the form a sinx+b cos x, writ-
ing it as a single sine wave gives the extreme val-
ues

KEY

maximum = v/ a2 + b2, minimum = —+/a? + b2

so the whole expression varies over
[—Va? + 12, Va + 77

Where it comes from. Put ¢« = rcos¢ and
b = rsing with r = a2+ b2 Then asinz +
bcosz = rsin(z + ¢), and sin(xz + ¢) runs over
[__]w 1]'

@) TRANSFORMATIONS 05-08

05

SUM AND DIFFERENCE INTO
PRODUCT

KEY

) ) . (A
S|nA+S|nB:23|n< 1S

B) COS(A;B)

) ) . ([A—B A+ B
smA—smB:Qsm( 5 )cos( + )

A+ B
cosA+cosB:2cos< +

.
cosA—cosB:—2S|n( +

TANGENTS AND COTANGENTS

sin(A + B) sin(A — B)

tan A +tan cos Acos B’ tan tan cos Acos B
sin(A + B) sin(B—A)

tA tB=——-——= tA—cotB= ———=
cotA+co sin Asin B’ 0 0 sinAsin B

06
PRODUCT INTO SUM OR

DIFFERENCE

KEY

2sin Acos B = sin(A + B) +sin(A — B)

2cos Asin B=sin(A+ B) —sin(A — B)

2cos Acos B =cos(A+ B)+ cos(A— B)

2sin Asin B=cos(A — B) —cos(A + B)

Pairing. These four are exactly the four of sec-
tion 05 read backwards. Going sum to product
helps with factorising and solving equations;
going product to sum helps with integration
and with telescoping series.

07
T-RATIOS OF THE SUM OF

THREE OR MORE ANGLES

KEY

sin(A+ B+ C) =sin Acos BcosC + cos Asin BcosC
+cos Acos BsinC —sin Asin BsinC

Ccos(A+ B+ (') = cos Acos Bcos Cx
(1—-tan Atan B—tan BtanC' —tanC'tan A)

tan A +tan B +tan(C —tan Atan BtanC
1—tanAtan B —tan Btan(C —tan(C'tan A

tan(A+ B+ C) =

GENERAL CASE

Forn angles A, A,,..., A

ni

sin(A; + Ay + -+ A,) =cos A, cos A, ---coS A, (S, —S3+ S5 — S, + ...

cos(A; + Ay, + -+ A,) =cosA; cosA,--cosA, (1—5,+5,—S;+...)

S, — S5+ S; — o+ ...

tan(A; + Ay + -+ A4,) = 1 — Sy +S,— S5+ .

where S; = Y tan A4, is the sum of the separate
tangents, S, = ) tan A;tan A; the sum of prod-
ucts two at a time, S; the sum of products three
at a time, and so on.

08
SPECIAL PRODUCT IDENTITIES

Repeated doubling collapses a whole chain of
cosines:

KEY

sin2”A
27sin A

cos Acos2Acos22A4..-cos2" 1A =

THE SIXTY DEGREE FAMILY

sin § sin(60° — 0) sin(60° + 0) = 1 sin 36
cos # cos(60° — §) cos(60° + §) = 1 cos 36
tan 6 tan(60° — 0) tan(60° + 0) = tan 36

ARITHMETIC PROGRESSION OF ANGLES

sina +sin(a+5) + -+ sina + (n —1)5}
~sin{a+ (n—1)5} sin%
- sin 2

cosa + cos(a + ) + -+ cos{a + (n—1)5}
cos{a+ (n—1)5} sin
B sin &

INVERSE FUNCTIONS:
 C

BASICS

09
DOMAIN AND RANGE OF

INVERSE TRIGONOMETRIC
FUNCTIONS

. —1 ™ T
sin 1,1 [__,_}

x —1,1] 55

cos 'z [—1,1] [0, 7]
tan 'z R <—E,E>

2 2

cot 'z R (0, 7)

sec !z R—(—1,1) 0, 7] — {g}
™ Tr

—1
cosec & R—(—1,1) {—5, 5} — {0}
Why the ranges are cut down. The trigono-
metric functions are not one-one on the whole
line, so each is restricted to a principal branch
before itis inverted. Every identity that follows
holds only inside these ranges.

10
PROPERTY I: INVERSE OF A
DIRECT FUNCTION
KEY
. =1, . . _z z
sin (sinf) =0, 96[ 2,2]
cos !(cosf) =0, 0 € [0, ]
-1 _ T
tan “(tand) =0, 96( 2,2)
cot '(coth) =6,  O¢e(0,n)
sec™!(sect) =0, 6 €l0,m] — {g}

cosec !(cosecd) =6, 0 e {—g, g} — {0}

Outside the range. |If 6 lies outside the
stated interval the answer is not 4. Reduce
6 into the principal branch first, for example
sin~'(sin 1) = I, not 2r.

11
PROPERTY II: DIRECT OF AN

INVERSE FUNCTION

sin(sin 'z) =z, x€[-1,1]
cos(cos ') =z, r € [—1,1]
tan(tan 'z) =2z, z€R
cot(cot 'z) =z,  z€R
sec(sec 'z) =z, reR—(—1,1)
cosec(cosec 'z) = z, reR—(—1,1)

This direction is safe. Unlike Property |, these
hold for every z in the domain with no re-
duction needed, because the inverse already
lands inside the principal branch.

e PROPERTY lll: NEGATIVE

ARGUMENTS

sin"'(—z) = —sin 'z, xe[-1,1]
cos !(—x) =7 —cos !z, r € [—1,1]
tan '(—z) = —tan 'z, z€R
cot '(—z)=r—cot 'z, zeR
sec !(—z) =1 —sec !z, reR—(—1,1)

cosec !(—z) = —cosec 'z, reR—(—1,1)

Pattern. The three functions with a range
o . —1 —1

symmetric about 0, namely sin °, tan ~ and

cosec !, are odd. The three with range inside

0, 7] reflect through = instead.

13

PROPERTY IV: RECIPROCAL
ARGUMENTS

KEY
. 1/1 1

sin (5> = CcOSsec™ "z, reR—(—1,1)

(1 -

cos 1(;) =sec 'z, r€R—(—1,1)

/1 cot 'z, x € (0,00)
tan (—) =
T —m4cot 'z, ze€(—,0)

Mind the sign. Only the tangent case splits.
For negative z the naive answer cot 'z falls
outside the range of tan™', so = must be sub-
tracted.

14
PROPERTY V:

COMPLEMENTARY PAIRS

KEY
sin”'z+cos 'z = g, x € [—1,1]
tan 'z +cot 'z = g, z€R
cosec 'z +seclx = g, reR—(-1,1)

Use. These three turn any expression mixing a
function with its co-function into one variable,
which is usually the fastest route through an
inverse-trigonometric equation.

INVERSE FUNCTIONS:

FURTHER
15

PROPERTY VI: DOUBLE ANGLE
KEY
2sin” x:Sin_l(Za:\/l—x2), L
2 2
2cos 'z =cos (22— 1), 0<xr<1
-1 -1 2x
2tan " x =tan ( 2), —l<z<l
1l—=x

16

PROPERTY VII: TRIPLE ANGLE

. . 1 1
3sin 'z = sin 1(3:19—4:1:3), —§§x§§
—1 —1 3 1
3cos 'z =cos '(4a° — 3z), gSse<l
3tan 'z =tan’ Skl L co<d
€r = e — €T -
1—322)° V3 V3

Ranges matter. The restrictions in Properties
VIand VIl are not decoration. Outside them the
identity picks up a +x or a sign change, which
is the single most common source of error in
this chapter.

17
PROPERTY VIlli: CONVERTING A
DOUBLE TANGENT
KEY
2tan_1x:sin_1( ), —1<x<1
14 z2
-1 1 (1 — $2>
2tan "z = cos , 0<zx<o0
1+ 22

Why they are useful.

_ 1 2
2tan 'z = tan!-—2Z > from Property VI,

— T
these let a single substitution z = tané@ clear
the square roots from a whole family of
expressions.

Together with

18
PROPERTY IX: SUM AND

DIFFERENCE OF TWO INVERSE
FUNCTIONS

tan1x+tan1y:tan1(1ﬂ7+y> : ry <1

tan 'z —tan 'y = tan_1< — ) ,

> —1
14+ xy Y

sin"'z +sin”' Yy = Sinl{aj\/ 1—y2+yv1— 562}
for —1 < z,y <1 with 22 + y?> < 1, and
sin"'z —sin”’ Yy = Sin_l{x\/ 1—y?2—yv1— .’1;2}

for —1 < z,y < 1 with 22 + % < 1. For the cosine,

COS*I:L'—l—COS*ly:COSfl{wy—\/l—x?\/l—yQ}, —1<z,y<1l, 2+y>0

cos'z—cos'y=cos{ay+VIi-22/1—y’}, —1<ay<l a<y

PROPERTY X: CONVERTING
BETWEEN INVERSE
FUNCTIONS

Every inverse function can be rewritten in terms
of any other. Taking = > 0 in each line:

— cosec! (—)
€T

. _ V1 —zx2
cos 'z = sin 1(\/1—:1:2):tan 1( x)

i

— cot1<\/1ai7x2) - secl(é)

1
— cosec—1< )
1 — 22

_ . —1
tan 'z = sin (

e R )
—cot™! (l) = sec*(@)

X
1 ( vat +x2>
= C0SsecC
xr

How to remember. Draw a right triangle with
the given ratio marked, read the third side from
Pythagoras, then read off whichever ratio is
wanted. The formulas above are just that tri-
angle written out.

@3 HEIGHTS & DISTANCES 20-22

20
ANGLES OF ELEVATION AND

DEPRESSION

Let O and P be two points with P at the higher
level, and let OA and PB be the horizontal lines
through O and P.

i. If the observer is at O and P is the object,
then OP is the line of sight and ZAOP is the
angle of elevation.

ii. If the observer is at P and O is the object,
then ZBPO is the angle of depression.

B

depression

They are equal. The two horizontals are paral-
lel, so the angle of elevation of P seen from O
equals the angle of depression of O seen from
P. Alternate angles do the work.

21
USEFUL RESULTSIN A

TRIANGLE
i. Any line perpendicular to a plane is perpen-
dicular to every line lying in that plane.

ii. In a triangle, the internal bisector of an an-
gle divides the opposite side in the ratio of
the arms of that angle.

iii. In an isosceles triangle, the median to the
base is perpendicular to the base.

iv. Angles in the same segment of a circle are
equal.

Why they appear here. Height and distance
problems are solved by finding one right trian-
gle and one shared side. These four results
are what let you find the right angle, or trans-
fer a length from one triangle to the next.

22
THE M-N THEOREM

Let D be a point on AB dividing itinto AD = m and
DB = n, and let C'D split the angle at C into « and
B, meeting AB at an angle 6. Then

KEY

(m+mn)cotd = mcota—ncotp

and, in terms of the base angles A and B,

(m+n)cotd =ncotA—mcotB

C

DOMATH.IN
PRACTICE MADE EASY



