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A THE CURVE & ITS ELEMENTS 01–07

A·0101
DEFINITION AND STANDARD EQUATION

An ellipse is the locus of a point moving in a plane so that the ratio of
its distance from a fixed point, the focus, to its distance from a fixed
line, the directrix, is a constant less than one. That constant is the
eccentricity 𝑒.

K E Y

𝑆𝑃
𝑃𝑀 = 𝑒 (𝑒 < 1), so 𝑆𝑃 = 𝑒 𝑃𝑀

Taking the centre at the origin and the major axis along 𝑋, this re-
duces to the standard equation

𝑥2

𝑎2 + 𝑦2

𝑏2 = 1

𝐶 𝑆𝑆′ 𝐴𝐴′

𝐵𝑃𝑀

𝐿𝐿′

𝑥 = 𝑎
𝑒𝑥 = − 𝑎

𝑒

For 𝑎 > 𝑏 the foci are 𝑆(𝑎𝑒, 0) and 𝑆′(−𝑎𝑒, 0), the directrices are
𝑥 = ±𝑎

𝑒 , and

𝑏2 = 𝑎2(1 − 𝑒2)

A·0202
USEFUL TERMS

i. Foci: the two fixed points 𝑆 and 𝑆′, at (±𝑎𝑒, 0).
ii. Directrices: the lines 𝑥 = 𝑎

𝑒 and 𝑥 = −𝑎
𝑒 ; the distance between

them is
2𝑎
𝑒 .

iii. Axes: 𝐴𝐴′ is the major axis of length 2𝑎 and 𝐵𝐵′ the minor axis
of length 2𝑏.

iv. Centre: the point 𝐶 where the axes cross. Every chord through
𝐶 is bisected at 𝐶.

v. Vertices: the ends 𝐴(𝑎, 0) and 𝐴′(−𝑎, 0) of the major axis.

vi. Focal chord: a chord through a focus.

vii. Double ordinate: a chord perpendicular to the major axis; half
of it is the ordinate.

A·0303
LATUS RECTUM

The latus rectum is the focal chord perpendicular to the major axis.
There are two of them, at 𝑥 = ±𝑎𝑒, and each has length

𝐿𝐿′ = 2𝑏2

𝑎 = (minor axis)2

major axis

Equivalently,

𝐿𝐿′ = 2𝑎(1 − 𝑒2) = 2𝑒 (𝑎
𝑒 − 𝑎𝑒)

which is twice the eccentricity times the distance from a focus
to the corresponding directrix. The ends of the latus rectum are

(±𝑎𝑒, ±𝑏2

𝑎 ).

A·0404
FOCAL DISTANCES

For a point 𝑃 (𝑥, 𝑦) on 𝑥2

𝑎2 + 𝑦2

𝑏2 = 1 with 𝑎 > 𝑏, the two focal distances
are
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𝑆𝑃 = 𝑎 − 𝑒𝑥, 𝑆′𝑃 = 𝑎 + 𝑒𝑥

so their sum is constant:

𝑆𝑃 + 𝑆′𝑃 = 2𝑎 = length of the major axis

The string construction. This constant-sum property is the sec-
ond definition of an ellipse, and it is what lets you draw one with
a loop of string round two pins.

A·0505
THE TWOORIENTATIONS

𝑎 > 𝑏 𝑎 < 𝑏

Centre (0, 0) (0, 0)

Vertices (±𝑎, 0) (0, ±𝑏)

Foci (±𝑎𝑒, 0) (0, ±𝑏𝑒)

Major axis 2𝑎, 𝑦 = 0 2𝑏, 𝑥 = 0

Minor axis 2𝑏, 𝑥 = 0 2𝑎, 𝑦 = 0

Directrices 𝑥 = ±𝑎
𝑒 𝑦 = ±𝑏

𝑒
Eccentricity √1 − 𝑏2

𝑎2
√1 − 𝑎2

𝑏2

Latus rectum 2𝑏2

𝑎
2𝑎2

𝑏
Focal distances 𝑎 ± 𝑒𝑥 𝑏 ± 𝑒𝑦

Correction to the printed page. The source lists the vertices for
𝑎 < 𝑏 as (0, −𝑏) and (0, −𝑏). They are (0, 𝑏) and (0, −𝑏).

A·0606
AUXILIARY CIRCLE AND ECCENTRIC ANGLE

The circle described on the major axis as diameter is the auxiliary
circle of the ellipse:

K E Y

𝑥2 + 𝑦2 = 𝑎2

Let 𝑃 be a point of the ellipse. Draw 𝑃𝑀 perpendicular to the ma-
jor axis and produce it to meet the auxiliary circle at 𝑄. The angle
∠𝑋𝐶𝑄 = 𝜙 is called the eccentric angle of 𝑃 .

𝜙
𝐶

𝑃

𝑄

𝑀

𝑥2 + 𝑦2 = 𝑎2

The stretch. 𝑄 is (𝑎cos𝜙, 𝑎 sin𝜙) and 𝑃 is (𝑎cos𝜙, 𝑏 sin𝜙), so
the ellipse is the auxiliary circle with every ordinate shrunk in the
ratio 𝑏 ∶ 𝑎.

A·0707
PARAMETRIC EQUATIONS

Taken together, the equations

K E Y

𝑥 = 𝑎cos𝜙, 𝑦 = 𝑏 sin𝜙

are the parametric equations of
𝑥2

𝑎2 + 𝑦2

𝑏2 = 1, with the eccentric angle
𝜙 as parameter. The point is written simply as 𝜙, or as 𝑃(𝜙).

CENTRE ELSEWHERE

If the centre is at (𝑥1, 𝑦1) and the axes stay parallel to the coordinate
axes,

(𝑥 − 𝑥1)2

𝑎2 + (𝑦 − 𝑦1)2

𝑏2 = 1

Is a conic an ellipse? 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 is an
ellipse when it is non-degenerate and ℎ2 < 𝑎𝑏; it is a circle in the
special case 𝑎 = 𝑏, ℎ = 0.

B POINT, LINE & CHORD 08–13

B·0808
POSITIONOF A POINT

Write 𝑆1 for the value of 𝑆 ≡ 𝑥2

𝑎2 + 𝑦2

𝑏2 − 1 at the point 𝑃(𝑥1, 𝑦1).

K E Y

𝑆1 = 𝑥2
1

𝑎2 + 𝑦2
1

𝑏2 − 1

i. 𝑆1 > 0: 𝑃 lies outside the ellipse.

ii. 𝑆1 = 0: 𝑃 lies on the ellipse.

iii. 𝑆1 < 0: 𝑃 lies inside the ellipse.

How many tangents. Two tangents can be drawn from 𝑃 , and
they are real and distinct, coincident, or imaginary according as
𝑃 lies outside, on, or inside the ellipse.

B·0909
A LINE ANDAN ELLIPSE

Substituting 𝑦 = 𝑚𝑥 + 𝑐 into the ellipse gives a quadratic in 𝑥 whose
discriminant decides everything. The line meets the ellipse in two
points, touches it, or misses it according as
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𝑐2 < 𝑎2𝑚2 + 𝑏2, 𝑐2 = 𝑎2𝑚2 + 𝑏2, 𝑐2 > 𝑎2𝑚2 + 𝑏2

CONDITION OF TANGENCY

𝑐2 = 𝑎2𝑚2 + 𝑏2

One condition, two tangents. Squaring gives 𝑐 = ±
√

𝑎2𝑚2 + 𝑏2,
which is why every direction has exactly two tangents, one on
each side of the centre.

B·1010
EQUATIONOF A CHORD

If 𝑃(𝑎cos 𝜃, 𝑏 sin 𝜃) and 𝑄(𝑎cos𝜙, 𝑏 sin𝜙) are two points of the ellipse,
the chord joining them is

K E Y

𝑥
𝑎 cos(𝜃 + 𝜙

2 ) + 𝑦
𝑏 sin(𝜃 + 𝜙

2 ) = cos(𝜃 − 𝜙
2 )

Letting 𝜙 → 𝜃. The right-hand side becomes 1 and the chord be-
comes the tangent at 𝜃. Every tangent formula on this sheet is
that limit.

B·1111
CHORDWITHAGIVENMID-POINT

The chord of the ellipse whose middle point is (𝑥1, 𝑦1) is 𝑇 = 𝑆1, that
is

K E Y

𝑥𝑥1
𝑎2 + 𝑦𝑦1

𝑏2 = 𝑥2
1

𝑎2 + 𝑦2
1

𝑏2

Its slope. Rearranged, the chord has slope −𝑏2𝑥1
𝑎2𝑦1

, and the line

joining the centre to the mid-point has slope
𝑦1
𝑥1

; their product is

− 𝑏2

𝑎2 , which is the conjugate-diameter condition of section 13.

B·1212
FOCAL CHORD IN ECCENTRIC ANGLES

If 𝛼 and 𝛽 are the eccentric angles of the ends of a focal chord of the
ellipse, then

K E Y

tan
𝛼
2 tan

𝛽
2 = 𝑒 − 1

𝑒 + 1 or
𝑒 + 1
𝑒 − 1

according as the chord passes through the focus (𝑎𝑒, 0) or (−𝑎𝑒, 0).

Semi-latus rectum. If a focal chord is split by the focus into ℓ1

and ℓ2, then
1
ℓ1

+ 1
ℓ2

= 2𝑎
𝑏2 : the semi-latus rectum is the harmonic

mean of the two focal segments.

B·1313
DIAMETER ANDCONJUGATE DIAMETERS

The locus of the mid-points of a system of parallel chords of slope 𝑚
is a diameter of the ellipse:
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𝑦 = − 𝑏2

𝑎2𝑚 𝑥

𝑃(𝜃)𝐷

𝐶

𝐷 is the point 𝜃 + 𝜋
2

Two diameters are conjugate when each bisects the chords parallel
to the other. Their slopes satisfy

𝑚1𝑚2 = − 𝑏2

𝑎2

In eccentric angles. If 𝐶𝑃 and 𝐶𝐷 are conjugate semi-diameters,
the eccentric angles of 𝑃 and 𝐷 differ by

𝜋
2 : if 𝑃 is 𝜃, then 𝐷 is

𝜃 + 𝜋
2 .

C TANGENTS 14–20

C·1414
EQUATIONOF THE TANGENT

POINT FORM

The tangent at (𝑥1, 𝑦1) is 𝑇 = 0:

𝑥𝑥1
𝑎2 + 𝑦𝑦1

𝑏2 = 1

PARAMETRIC FORM

At the point (𝑎cos 𝜃, 𝑏 sin 𝜃),

K E Y

𝑥
𝑎 cos 𝜃 + 𝑦

𝑏 sin 𝜃 = 1

𝑃(𝜃)

𝐶

𝑥
𝑎 cos𝜃 + 𝑦

𝑏 sin𝜃 = 1

SLOPE FORM

𝑦 = 𝑚𝑥 ± √𝑎2𝑚2 + 𝑏2

touching at the points

(± 𝑎2𝑚√
𝑎2𝑚2 + 𝑏2 , ∓ 𝑏2

√
𝑎2𝑚2 + 𝑏2 )

C·1515
POINT OF INTERSECTIONOF TANGENTS

The tangents at the points 𝜃 and 𝜙 of the ellipse meet at
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⎛⎜⎜⎜
⎝

𝑎
cos

𝜃 + 𝜙
2

cos
𝜃 − 𝜙

2
, 𝑏

sin
𝜃 + 𝜙

2
cos

𝜃 − 𝜙
2

⎞⎟⎟⎟
⎠

A check worth doing. Put 𝜙 = 𝜃 and the point collapses to
(𝑎cos 𝜃, 𝑏 sin 𝜃), the point of contact itself, as it must.

C·1616
PAIR OF TANGENTS

The combined equation of the two tangents drawn from 𝑃(𝑥1, 𝑦1) to
the ellipse is
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𝑆𝑆1 = 𝑇 2

written out,

(𝑥2

𝑎2 + 𝑦2

𝑏2 − 1) (𝑥2
1

𝑎2 + 𝑦2
1

𝑏2 − 1) = (𝑥𝑥1
𝑎2 + 𝑦𝑦1

𝑏2 − 1)
2

C·1717
CHORDOF CONTACT

The chord joining the two points where the tangents from (𝑥1, 𝑦1)
touch the ellipse is 𝑇 = 0:
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𝑥𝑥1
𝑎2 + 𝑦𝑦1

𝑏2 = 1

𝑃(𝑥1, 𝑦1)

𝐴

𝐵

chord of contact 𝑇 = 0

Same symbol, three jobs. 𝑇 = 0 is the tangent when 𝑃 lies on
the ellipse, the chord of contact when 𝑃 lies outside it, and the
polar of 𝑃 in every case.

C·1818
DIRECTOR CIRCLE

The locus of the point of intersection of perpendicular tangents to an
ellipse is called its director circle. Its equation is
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𝑥2 + 𝑦2 = 𝑎2 + 𝑏2

𝑃

𝐶

𝑥2 + 𝑦2 = 𝑎2 + 𝑏2

It is a circle concentric with the ellipse, of radius
√

𝑎2 + 𝑏2.

Where it comes from. Impose 𝑐2 = 𝑎2𝑚2 + 𝑏2 on both tangents
through (ℎ, 𝑘) and set the product of the two slopes equal to −1;
the condition collapses to ℎ2 + 𝑘2 = 𝑎2 + 𝑏2.

C·1919
POLE AND POLAR

For any point 𝑃(𝑥1, 𝑦1), inside or outside, the line 𝑇 = 0 is called the
polar of 𝑃 with respect to the ellipse, and 𝑃 is the pole of that line.

K E Y

𝑥𝑥1
𝑎2 + 𝑦𝑦1

𝑏2 = 1

i. The pole of 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0 is (−𝑎2𝑙
𝑛 , −𝑏2𝑚

𝑛 ).

ii. If the polar of 𝑃 passes through 𝑄, then the polar of 𝑄 passes
through 𝑃 ; such points are conjugate.

iii. The polar of a focus is the corresponding directrix.

C·2020
STANDARD TANGENT RESULTS

i. The product of the lengths of the perpendiculars from the two
foci to any tangent is 𝑏2.

ii. The feet of those perpendiculars lie on the auxiliary circle
𝑥2 + 𝑦2 = 𝑎2.

iii. If the tangent at 𝑃 meets a directrix at 𝐹 , then 𝑃𝐹 subtends a
right angle at the corresponding focus, that is ∠𝑃𝑆𝐹 = 𝜋

2 .
iv. The tangent at 𝑃 bisects the external angle between the focal

radii 𝑆𝑃 and 𝑆′𝑃 .
v. The portion of a tangent between the point of contact and the

directrix subtends a right angle at the focus.

Correction to the printed page. The source spells it “auxilliary”;
the word is auxiliary.

D NORMALS 21–26

D·2121
EQUATIONOF THE NORMAL

POINT FORM

The normal at (𝑥1, 𝑦1) to the ellipse is

𝑎2𝑥
𝑥1

− 𝑏2𝑦
𝑦1

= 𝑎2 − 𝑏2

PARAMETRIC FORM

At the point (𝑎cos 𝜃, 𝑏 sin 𝜃),
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𝑎𝑥 sec 𝜃 − 𝑏𝑦 cosec 𝜃 = 𝑎2 − 𝑏2

SLOPE FORM

𝑦 = 𝑚𝑥 ∓ 𝑚(𝑎2 − 𝑏2)√
𝑎2 + 𝑏2𝑚2

at the points (∓ 𝑎2
√

𝑎2 + 𝑏2𝑚2 , ∓ 𝑏2𝑚√
𝑎2 + 𝑏2𝑚2 ).

D·2222
CONDITION FOR ANORMAL

The line 𝑦 = 𝑚𝑥 + 𝑐 is a normal to the ellipse
𝑥2

𝑎2 + 𝑦2

𝑏2 = 1 if and only if
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𝑐2 = 𝑚2(𝑎2 − 𝑏2)2

𝑎2 + 𝑏2𝑚2

Do not mix them up. Tangency asks for 𝑐2 = 𝑎2𝑚2 + 𝑏2; normal-
ity asks for the expression above. Deciding which the question
imposes is most of the work.

D·2323
THE NORMAL AND THE AXES

Let the normal at 𝑃 meet the major axis at 𝐺 and the minor axis at
𝑔, and let 𝐶𝐹 be the perpendicular from the centre onto that normal.
Then
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𝑃𝐹 ⋅ 𝑃𝐺 = 𝑏2, 𝑃𝐹 ⋅ 𝑃𝑔 = 𝑎2

𝑃

𝐺

𝑔

𝐹𝐶

i. 𝑃𝐺 ⋅ 𝑃𝑔 = 𝑆𝑃 ⋅ 𝑆′𝑃 .
ii. 𝐶𝐺 ⋅ 𝐶𝑇 = 𝐶𝑆2, where 𝑇 is the point at which the tangent at 𝑃

meets the major axis.

iii. The normal at 𝑃 bisects the internal angle between the focal
radii 𝑆𝑃 and 𝑆′𝑃 .

D·2424
CONORMAL POINTS

From a point on a given ellipse exactly one normal can be drawn.
From a point not on the ellipse, infinitely many lines pass through
it and cut the curve, but at most four of them are normals at the
points where they cut. Those points of the ellipse are called conormal
points.

Four, not three. The parabola has three conormal points and the
ellipse four, because the normal condition is a cubic there and a
quartic here.

D·2525
ECCENTRIC ANGLES OF CONORMAL POINTS

i. The sum of the eccentric angles of the conormal points is an
odd multiple of 𝜋.

ii. If 𝜃1, 𝜃2, 𝜃3, 𝜃4 are the eccentric angles of four points whose nor-
mals are concurrent, then Σcos(𝜃1 +𝜃2) = 0 and Σ sin(𝜃1 +𝜃2) =
0.

If the normals at the four points 𝑃(𝑥1, 𝑦1), 𝑄(𝑥2, 𝑦2), 𝑅(𝑥3, 𝑦3) and
𝑆(𝑥4, 𝑦4) of the ellipse are concurrent, then
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(𝑥1 + 𝑥2 + 𝑥3 + 𝑥4) ( 1
𝑥1

+ 1
𝑥2

+ 1
𝑥3

+ 1
𝑥4

) = 4

D·2626
CONCURRENCYOF THREE NORMALS

If the normals at 𝑃(𝑥1, 𝑦1), 𝑄(𝑥2, 𝑦2) and 𝑅(𝑥3, 𝑦3) on the ellipse are
concurrent, then

∣
∣∣
∣

𝑥1 𝑦1 𝑥1𝑦1
𝑥2 𝑦2 𝑥2𝑦2
𝑥3 𝑦3 𝑥3𝑦3

∣
∣∣
∣
= 0

and, if the same three points are given by their eccentric angles 𝑃(𝛼),
𝑄(𝛽) and 𝑅(𝛾), then

∣
∣∣
∣

sec𝛼 cosec𝛼 1
sec𝛽 cosec𝛽 1
sec 𝛾 cosec 𝛾 1

∣
∣∣
∣
= 0

E STANDARD RESULTS 27–31

E·2727
REFLECTION PROPERTY

A ray of light issuing from one focus of an ellipse is reflected at the
curve straight through the other focus. This follows from the tangent
result of section 20: the normal at 𝑃 bisects the angle 𝑆𝑃𝑆′, so the
angles of incidence and reflection are equal.

𝑆𝑆′

every ray from 𝑆′ reaches 𝑆

Whispering galleries. An elliptical room reflects every sound
wave from one focus to the other, which is why a whisper at one
focus is heard clearly at the other and nowhere in between.

E·2828
CONJUGATE DIAMETER RESULTS

Let 𝐶𝑃 and 𝐶𝐷 be a pair of conjugate semi-diameters of the ellipse,
with 𝑃 at the eccentric angle 𝜃 and 𝐷 at 𝜃 + 𝜋

2 .

i. 𝐶𝑃 2 + 𝐶𝐷2 = 𝑎2 + 𝑏2: the sum of the squares of conjugate
semi-diameters is constant.

ii. The tangent at 𝑃 is parallel to 𝐶𝐷, and the tangent at 𝐷 is par-
allel to 𝐶𝑃 .

iii. The parallelogram formed by the tangents at the ends of a pair
of conjugate diameters has constant area 4𝑎𝑏.

iv. The equi-conjugate diameters, for which 𝐶𝑃 = 𝐶𝐷, are 𝑦 =
± 𝑏

𝑎𝑥, each of length √2(𝑎2 + 𝑏2).
v. If 𝐶𝑃 and 𝐶𝐷 are conjugate, then 𝑆𝑃 ⋅ 𝑆′𝑃 = 𝐶𝐷2.

E·2929
STANDARD LOCI ANDAREA

i. The feet of the perpendiculars from the foci to a variable tan-
gent trace the auxiliary circle 𝑥2 + 𝑦2 = 𝑎2.

ii. The point of intersection of perpendicular tangents traces the
director circle 𝑥2 + 𝑦2 = 𝑎2 + 𝑏2.

iii. The mid-points of a family of parallel chords of slope 𝑚 trace

the diameter 𝑦 = − 𝑏2

𝑎2𝑚𝑥.

The area enclosed by the ellipse is

K E Y

𝜋𝑎𝑏

Why 𝜋𝑎𝑏. Stretching the auxiliary circle by the factor 𝑏/𝑎 in the

𝑦-direction turns area 𝜋𝑎2 into 𝜋𝑎2 ⋅ 𝑏
𝑎 = 𝜋𝑎𝑏.

E·3030
SOME IMPORTANT RESULTS

The product of the lengths of the perpendicular segments from the
foci to any tangent is 𝑏2, and the feet of those perpendiculars lie on
the auxiliary circle.
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𝑆𝑌 ⋅ 𝑆′𝑌 ′ = 𝑏2

i. If the tangent at 𝑃 meets the directrix at 𝐹 , then ∠𝑃𝑆𝐹 = 𝜋
2 at

the corresponding focus.

ii. The circle on any focal chord as diameter cannot cut the direc-
trix.

iii. The locus of the mid-points of focal chords is a similar, smaller
ellipse.

iv. The tangent and the normal at any point bisect the external and
internal angles between the focal radii.
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i. Always check whether 𝑎 > 𝑏 or 𝑎 < 𝑏 first; the foci, directrices
and latus rectum all swap axes.

ii. 𝑏2 = 𝑎2(1 − 𝑒2) holds only when 𝑎 > 𝑏; otherwise it is 𝑎2 =
𝑏2(1 − 𝑒2).

iii. 𝑆1 > 0 means outside and 𝑆1 < 0 means inside — the same
convention as the circle and the parabola.

iv. 𝑇 = 0 is the tangent, the chord of contact and the polar; 𝑇 = 𝑆1
is the chord bisected at the point; 𝑆𝑆1 = 𝑇 2 is the pair of tan-
gents.

v. Tangency needs 𝑐2 = 𝑎2𝑚2 + 𝑏2; normality needs 𝑐2 =
𝑚2(𝑎2 − 𝑏2)2

𝑎2 + 𝑏2𝑚2 .

vi. The eccentric angle is measured on the auxiliary circle, not on
the ellipse; 𝜙 is not the angle ∠𝑋𝐶𝑃 .

vii. A circle is the special case 𝑎 = 𝑏, 𝑒 = 0, with the foci merged at
the centre and the directrices at infinity.
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