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@9 POINTS & DIRECTIONS 01-06

COORDINATES IN SPACE

Three mutually perpendicular axes through O fix every point by an ordered
triple (z, vy, z).

KEY

OP = /a2 +y2 + 22

P, y, =

/ N
X
OP = /a2 +y? + 22

» The three coordinate planes XY, Y Z, ZX cut space into 8 octants.
e Onthe XY plane z = 0; on the X axis y = z = 0.
 Distance from the Z axis is \/z2 + y?; distance from the XY plane is |z|.

Read the zeros. “Lies on the Y Z plane” means z = 0, one equation. "“Lies
on the Y axis” means z = 0 and z = 0, two equations. Counting the condi-
tions tells you how many unknowns are left.

DISTANCE AND SECTION FORMULA

PQ=/(z;—21)2 + (y2 — y1)? + (23 — 21)?

The point dividing PQ in the ratio m : n internally is

('m;rg +nxry mys +ny; mz,+nz; )
m+n ' m+n = m+n

» For external division replace n by —n.

o Mid-point: the average of the two triples.

» Centroid of a triangle: the average of the three vertices.

» Centroid of a tetrahedron: the average of the four vertices.

Finding a ratio. To find where PQ meets the plane z = 0, set the z coor-
dinate of the section formula to zero and solve for m : n. A negative ratio
simply means the point is outside the segment.

DIRECTION COSINES AND DIRECTION RATIOS

If a directed line makes angles «, 3,~ with the positive axes, its direction
cosines are | = cos «, m = cos 3, n = cos~, and

KEY

P+m?24n2=1

l=cosa, m=cosfB3, n=Ccos~y
Any triple proportional to (I, m,n) is a set of direction ratios (a, b, ¢), and

a

=t
Va2 + b2 + c2

Ratios are free, cosines are not. Direction ratios can be scaled by anything
non-zero; direction cosines are fixed up to an overall sign, because the sum
of their squares must be 1. Also sin® o + sin” B+ sin’ v =2.

DIRECTION RATIOS FROM TWO POINTS

The line through P(z4, v, 27) and Q(z,, y,, 25) has direction ratios

KEY

(o — 21, Yo — Y1, 22 — 21)

ANGLE BETWEEN TWO DIRECTIONS

lajag +b1by + cicy|

Vaivy a3

cosf =

e Perpendicular: ayay +b1by +c1c5 =0.

a b c . .
o Parallel: b; x b, =0, 0or =% = Z—l = -1 when no denominator vanishes.
ay by cy

The modulus is not optional. A line has no direction, so the angle between
two lines is taken as the acute one. Dropping the modulus gives the obtuse
answer half the time.
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PROJECTION OF A SEGMENT
The projection of the segment joining P and Q on a line with direction cosines

I,m,nis

KEY
Uzo — 1) + m(ys —yp) + (2o —2q)

« In vector form this is PQ - ai: the component of PQ along the unit vector.
« Projections of PQ on the three axes are z, — x4, Yo — Y1, 29 — 21-
» The projection is zero exactly when PQ is perpendicular to the line.

Where it earns its keep. The perpendicular distance from a point to a line
is \/|AAP|2 — (projection of AP)2 — Pythagoras with the projection as the
along-line leg, and no foot to compute.

THE VECTOR TOOLKIT

a-b =|al|blcos¥, |a x b| = |a||b|sin 6

0BJECT WHAT IT GIVES

a-b angles, perpendicularity, projections
axb a direction perpendicular to both
[abc] signed volume; zero means coplanar
|a x b| area of the parallelogram

Almost every result in this chapter is one of these three. A cross prod-
uct whenever a perpendicular direction is wanted, a dot product whenever
an angle or a distance is wanted, and a scalar triple product whenever the
question is whether four points or two lines share a plane.

@) THE STRAIGHT LINE 07-14

EQUATION OF A LINE

A line is fixed by one point on it and one direction along it. Through A(a) with
direction b:

KEY

r=a+ A\b, AeR

In Cartesian form, with A(z,,y,, z;) and direction ratios (a, b, ¢),

T—Ty _Y~Yi _EF 2 —\

a b c

The two forms are the same object. Reading a Cartesian equation, the nu-
merators give a point and the denominators give a direction. Anything not
in that shape must be forced into it first — divide until each numerator is a
bare z — ;.

LINE THROUGH TWO POINTS

r=a+A(b—a)

and in Cartesian form,

rT—Ty  Y—Y 2

Ty — Ty Y2 = Y1 23— 21

* )\ = 0 gives the first point, A = 1 the second.
e ) €0, 1] traces the segment; outside it, the rest of the line.

« Three points are collinear when the direction ratios of two of the joins are
proportional.

WHEN A DENOMINATOR IS ZERO

A zero in a denominator is not a division by zero; it is shorthand. If ¢ = 0,

KEY

The line is parallel to the XY plane. Two zeros mean the line is parallel to an
axis.

Read it as a direction, not a fraction. The triple (a, b, 0) is a perfectly good

direction; it simply has no z component. Writing % is the standard
abuse of notation and means exactly z = z;.

THE GENERAL POINT

Every point of the line is

KEY

(xy +aX, y; +bX, z; +cA)

with one unknown \. This single move converts every geometric condition into
an equation in A.

One habit for the exam hall. Before computing anything, write the general
point of every line the question mentions. It takes fifteen seconds and on
nearly every question in this chapter the next step then becomes obvious.
Students who skip it spend their time deciding what to do; students who do
it spend their time doing it.

ANGLE BETWEEN TWO LINES

by - by
by [[by|

cosf =
« Position never enters: only the two directions matter.
» Perpendicular: b, - b, = 0.
« Parallel: b; x b, =0.

Skew lines still have an angle between them, measured between their direc-
tions.

Two skew lines have an angle but no meeting point. The angle is defined
by translating one direction to meet the other, which is why only b, and b,
appear.

FOOT OF THE PERPENDICULAR

Write F as the general point of the line, then force PF perpendicular to b:

PF-b=0

PF-b=0
One linear equation gives ), and the distance follows as | PF|. Directly,

KEY

|AP x b
d="1""2
b

Two routes, one answer. Use the cross product when only the distance is
wanted; go through the foot when the question also asks for the point, the
image, or the equation of the perpendicular.

IMAGE OF A POINT IN A LINE

The foot F is the mid-point of P and its image Q, so once F is known simply
double:

KEY

F is the mid point: q=2f-p

Every mirror question is the same question. Foot, image, mirror, reflection:
find F from PF-b = 0, then double for an image. The word in the question
changes; the work does not.

POINTS ON A LINE AT A GIVEN DISTANCE

Take the general point, impose the distance, and square:

KEY
|AP|2 = d2 = aquadratic in A

i. Two roots means two such points, one on each side.

ii. If b is a unit direction, X\ is itself the signed distance from A, and the
points are a + d b.

"o

iii. Read the selection clause carefully: "on the same side as”, “nearer the
origin” or "with positive z" picks one root.

Normalise first and the quadratic disappears. With [b| = 1 the two an-
swers can be written down without solving anything.

@ TWO LINES 15-20

THE THREE POSITIONS OF TWO LINES

PUSITION TEST

Parallel b, xby, =0

Intersecting not parallel and [a, —a; b; by] =0

Skew not parallel and [a, —a; b; by #0

[a; —a; by by]=(ay;—a;) (b; xby)

Test parallel first, always. If the two directions are proportional the triple
product is zero automatically, and calling the lines intersecting on that basis
is wrong — parallel lines are coplanar but never meet. The order of the two
tests is the whole trick.

COPLANARITY AND INTERSECTION

Two non-parallel lines are coplanar exactly when they meet, and the condition
is

Tog =Ty Y2~ Y1 22— 21
a; by cq =0

az by Ca

To find the point, equate the two general points: three equations in A and .

Solve two, check the third. Two of the three coordinate equations fix A
and p; the third is the consistency test. If it fails the lines are skew, and that
free check is what a “find k such that the lines intersect” question is really
asking for.

SHORTEST DISTANCE BETWEEN SKEW LINES

L,

l(ay —a,)-(by xby)|

d=
[b; x by

e b, x b, is the direction of the common perpendicular.

* d =0 is exactly the condition for the lines to intersect.

» The line of shortest distance meets both lines at right angles, and there is
only one such line.

Why it is a projection. d is the component of the join a, —a; along the unit
common normal. Every other join between the lines has the same compo-
nent, which is why any a; and a, on the lines give the same answer.

DISTANCE BETWEEN PARALLEL LINES

Here b; x b, = 0, so the skew formula collapses. Use instead

KEY

|(as —ay) x b
d=——=—="——
bl

which is just the distance from a point of one line to the other line.

The formula that fails is telling you something. A zero denominator in the
skew formula is not an error; it is the detector for the parallel case. Switch
formulas rather than pushing on.

DISTANCE MEASURED ALONG A LINE

“The distance of P from the line L,, measured parallel to L," is not a perpen-
dicular distance. Write the line through P with direction b,, meet it with L,
and measure:

KEY

r=p+ pub, meets r =a; + Ab;

Two unknowns, three equations, one free check. Equating the two gen-
eral points gives three scalar equations; solve two for A and p and let the
third confirm the arithmetic. The answer is |u||b,|.

WHICH MOVE, WHEN

THE QUESTION SAYS THE MOVE

foot, image, mirror PF-b = 0; for an image, double
distance from a line the foot, then | PF|; or the cross product
distance along a line parametrise both, force them to meet

angle, perpendicular,

parallel directions only, with a modulus

shortest distance, skew test parallel, then the triple product

coplanar, intersect, find k set the triple product to zero
a point at a given distance parametrise, square, solve a quadratic

line and plane the only sine in the chapter

@) THE PLANE 21-28

EQUATION OF A PLANE: NORMAL FORM

A plane is fixed by a direction perpendicular to it and one number saying how
far along that direction it sits. With n a unit normal and p > 0 the distance from
O:

r-n=p, lx+my+nz=p

Normal form means unit normal. 2z + 2y + z = 6 is not in normal form:
divide by |n| = 3 to get %x + %y + éz = 2, and only then is the right-hand
side the distance from the origin.

POINT-NORMAL AND GENERAL FORMS

Through A(a) with normal n:
KEY

(r—a) - n=0

a(z—z) +b(y—y1) +e(z2—2) =0

Expanding gives the general first-degree equation

ar+by+cz+d=0

Read the normal straight off. In az + by +cz+d = 0 the coefficients (a, b, ¢)
are the direction ratios of the normal. Every plane question starts by writing
that triple down.

PLANE THROUGH THREE POINTS

Three non-collinear points determine a plane. Either take n = AB x AC and
use the point-normal form, or write the condition directly:

KEY

T — T Yy—Y Z2—2
To—Ty Yo—Y1 22—2|=0
T3 —%; Yz —Y1 2R3~ 21

INTERCEPT FORM

Four points are coplanar when the same determinant, built from the fourth
point, vanishes — equivalently when the scalar triple product of the three
edge vectors from one of them is zero.

ANGLE BETWEEN TWO PLANES

The angle between two planes is the angle between their normals:

KEY

cosg = D1 ol
I, [|n,|

n;

AN
p

In, -n,

cosf =

[0y ([n,|

« Perpendicular planes: a,ay +byby +¢1c5 = 0.
b -
« Parallel planes: 21 = 71 — 1
ay by oy
« Once rescaled to matching coefficients, two parallel planes differ only in
the constant term.

DISTANCE OF A POINT FROM A PLANE

_ laz, + by, + czq +dg|

d
Va2 + b2 +c2

1 -

Q

d- |lax, + by, +cz; +dg|
T VaiibrteR
Between the parallel planes az + by + cz+d; = 0and ax + by + cz + dy =0,

|dy — dy|
va?Z + b2+ c2

Make the coefficients match first. The parallel-plane formula is only
valid once both equations carry the same (a,b,c). 2z + 2y + z = 3 and
4x + 4y + 2z = 9 must be rescaled before the constants can be subtracted.

26
FOOT AND IMAGE OF A POINT IN A PLANE

The perpendicular from P to the plane has direction n, so both the foot and the
axy + by, +cz; +dy

a? +b2% +c2

image lie on r = p + tn. Writing k& =

1

f=p—kn, q=p—2kn
» The foot is halfway to the image, exactly as for a line.

» Two points are on the same side of the plane when ax + by + cz + d, has
the same sign at both.

e The origin and P are on the same side when d,, and that expression agree
in sign.

FAMILY OF PLANES

Every plane through the line of intersection of P, = 0 and P, = 0, with one
exception, is

KEY

P, + AP, =0

i. One condition on the plane gives one equation in \.
ii. The family misses P, = 0 itself, which is the case A — cc.
iii. Planes parallelto axz + by +cz+d=0are ax + by +cz+ k=0.
The standard three-mark question. “Find the plane through the line of in-

tersection of two planes and through a given point” is: write P, + AP, =0,
substitute the point, solve for )\, substitute back. Nothing else is needed.

BISECTORS OF TWO PLANES

The two planes bisecting the angles between P, = 0 and P, = 0 are the locus
of points equidistant from both:

KEY

a1 T +by+ciz+d;

Va3 -

asT +byy +coz+dy

Va3

Which sign is which. Make both constant terms positive first. The + sign
then gives the bisector of the angle containing the origin; the — sign gives
the other. The two bisector planes are always perpendicular to each other.

@3 LINE & PLANE TOGETHER 29-34

29
ANGLE BETWEEN A LINE AND A PLANE

The line makes an angle 90° — 6 with the normal, so the cosine becomes a sine:
KEY

|b - n|

sinf =
|b[|n|

=]

L

90° -0
V4

R

N

The only sine in the chapter. Everywhere else — two lines, two planes —
the formula is a cosine. If a question involves one line and one plane and
you have written cos, you have the complement of the answer.

WHERE A LINE MEETS A PLANE

Substitute the general point of the line into the plane and solve for \:

KEY

a(zy +a;A) +b(y, +b.A) +c(zy +cA)+d=0

—— =

in the plane parallel
b-n=0, A on it b-n=0, A off it b-n+#0

mgéts it once

* One value of X: the line cuts the plane at one point.
» No solution (b - n = 0, A off the plane): parallel, never meets.
* Every X works (b-n = 0, A on the plane): the line lies in the plane.

The coefficient of )\ is b - n. Its vanishing is what separates the last two
cases from the first, so the algebra and the geometry agree line by line.

31
LINE AS THE INTERSECTION OF TWO PLANES

A pair of non-parallel planes meets in a line. Its direction is perpendicular to
both normals:

KEY

b=n; Xxn,

i. Fora point on the line, set one variable to a convenient value (often z = 0)
and solve the two equations.

ii. If that choice gives no solution, the line misses that plane; try another
variable.

iii. Then write the symmetric form from the point and the direction.
Two equations, one line. A single first-degree equation in three variables is

aplane, notaline. Aline in space always needs two equations — symmetric
form is two equalities in disguise.

32
THE PLANE CONTAINING A LINE

A plane contains the line r = a + Ab exactly when

KEY
b-n=0 and a-n=d

» Plane through a line and a point C: take n = b x (c — a).
» Plane through two intersecting lines: n = b; x b,,.

« Plane through one line and parallel to a second: the same n = b, x by,
through a point of the first.

Distance between skew lines, second route. Build the plane through L,
parallel to L,, then take the distance from any point of L, to that plane. It
gives the same number as the triple-product formula and is often quicker
to check.

33
STANDARD RESULTS WORTH MEMORISING

i. 24+ m2+n2=1andsin’a+sin’B+sin’~ = 2.
lax, + by, + czy +d|

ii. Distance of (z,,y;, 2,) from the plane:

Va2 + b2 +c2
) . |APxb
iii. Distance from a line: %
. — - (b b
iv. Shortest distance, skew: (g —a) - (by x by)|
[by x by
. . . d
v. Imagein a plane: q = p — 2kn with k = %
n

vi. Volume of the tetrahedron on a, b, c: |[a b c]|.

vii. The direction of n; x n, is along the line where two planes meet.

34
QUICK FACTS AND COMMON TRAPS

i. Line and plane use sin; line and line, plane and plane use cos.
ii. Always take the modulus in an angle formula — a line has no direction.

iii. A zero denominatorin symmetric form means that coordinate is constant,
not undefined.

iv. Test parallel before testing coplanar; parallel lines are coplanar but never
meet unless they coincide.

v. r-n = pneeds a unit normal before p is a distance.

vi. Rescale two parallel planes to matching coefficients before subtracting
the constants.

vii. One first-degree equation is a plane; a line needs two.

viii. X is the signed distance from A, and only when the direction is a unit

vector.

ix. Vectors, dot and cross products are on the Vectors sheet.
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