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THE THREE SURDS TRIGONOMETRIC SUBSTITUTIONS REDUCTION FORMULAE DROPPING POWERS WITH MULTIPLE ANGLES INTEGRALS THAT HAVE NO ELEMENTARY ANSWER
01 _ .2 1-cos2z q , _ 1l+cos2z Some perfectly ordinary integrands have no antiderivative expressible in elemen-
THE ANTIDERIVATIVE AND THE CONSTANT KEY EARRESSION Ay INTEGRATION BY PARTS HEY ¢ s x= - andeoste = e tary functions:
Fis an antiderivative of f when F’ = f. On any interval, every antiderivative , a®—z? xz =asing or acosé o . s w and cos? & — w o
differs from I by a constant, so /\/az—xzda;:g\/a?—xz-i-%sihilg a? + z? x =atané or acotd — /Sinnxda::—sm ;C05m+n;1/sinn,2xdx, n#0 . sinte— 3 —4c0s2x + Ccos4x
. - 8 .
/f(z)d:L:F(L)+C @? —a? v = asectoracosect /uvdxzu/vdx—/(u’/vdm)dx /e’zzdm, /Lnxdm, di, /\/1+a:4da:
A=z e reciprocal cos 20 Raise the angle to drop the power. Each identity replaces a power by a first z Inz
r=a o R . . .
z a2 a+x - tan™ ! ¢ . power of a multiplied angle, so a power of any size is flattened in a few steps
/\/md:c =3 Va2 + a2+ > In’m + \/m‘ z—a)b—2) z =acos?0+bsin’ 0 /tan” vde = ——— 1L - /tan” 2rdr, n#1 and then integrated term by term. The first line is the one to remember; the

same slope at every z, so the same f

» The answer is a family of curves, each a vertical translate of the others.

» When the domain falls into separate intervals, as for 1/z, there is one such
constant on each piece.

. % /f(a:) dx = f(x), and /f’(:z:)dx = f(z) + C.

« Integration is linear: / (Af+pg) =X / f+np / g.

Two answers can differ and both be right. /2 sinz cos z dz is sin® = + C,

—cos?z + C and —% cos 2z + C at once. They differ by a constant, so an
option that does not match yours may still be the same antiderivative. Differ-
entiate the option to settle it.

STANDARD INTEGRALS: ALGEBRAIC AND EXPONENTIAL

“‘%“\

) afim—kl
z" ,n#E—1
n+1
1
= In|z|
xTr
efl) efl,'
a:r
a® —,a>0,a#1
Ina
Inx zlne —xz, x>0

The modulusin In |z| is not decoration. 1/z is defined on both sides of the ori-
gin and the antiderivative must be too. Dropping the bars makes the answer
wrong for every negative =, and papers do set the negative branch.

STANDARD INTEGRALS: TRIGONOMETRIC

sinx —cosx
cosx sinz
tanx In|sec x|
cotx In|sin x|
secx In|secz +tan x|
cosecx In|cosecz — cot x|
sec?z tanx
cosec? x —cotx
secxtanx secx

coseczcotz —coseczx

Every row is a derivative read backwards. If a row will not come to mind,
differentiate the right column instead of trying to recall the left. The four that
need memorising are tan, cot, sec and cosec; the rest fall out of the derivative
table.

THE SIX FORMS

i. /L:ltan’lf
a?+z2 a a
ii./ dz 1 |ate
a? — x2 2a a—x
" dz 1 r—a
iii. ——— =—1n
,/xzfaz 2a ‘a:Jra
. dx . 1T
iv. /ﬁzsln E
V. /%:In‘ervxziaz‘
vi. _odz lse(: 1’f‘
J ava?—aZ a a

Read the root first, then the sign. With no root, a plus gives an inverse tan-
gent and a minus gives a logarithm of a quotient. Under a root, a minus on 2
gives an inverse sine, while a plus, or a minus on a2, gives In |z + \/‘. Row 6
is the odd one out and is simply memorised. Rows 2 and 3 are negatives of
each other, so getting the order of a and = wrong flips the sign of the whole
answer.
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2
/\/xQ—(ﬁda::ngQfaQ—%ln‘erv:chaQ‘

Eachis oneintegration by parts away from aformin section04. Take u = /-
and v = 1. The leftover splits into the original integral plus the corresponding
row of the six forms, so collect the two copies and divide by two, exactly as
in section 18. That is also the fastest way to repair a half-remembered sign in
the second term.

LINEAR SUBSTITUTION

If / f(z)dx = F(x) + C, then for constants a #+ 0 and b,

KEY
1
/f(ax+b)da:: —F(az+b)+C
a

« This turns every row of sections 02 to 05 into a family of results at no cost.
(azx + b)"+1
. a(n+1)

» The rule works only when the inside is linear. There is no such formula for

f@?).

" 1
. /(a,m +b)"dx = forn # —1,and = In|az + | for n = —1.
a

The 1/a is the whole content of the rule. It is the commonest missing factor
in the chapter, and it is missing exactly when a # 1, which is when a paper
bothers to set the question.

COMPLETING THE SQUARE

" dx dx
For | ——and | —————:
ax? +bx +c Vaz? +bx +c
i. Take out the coefficient a from the quadratic.
4dac — b2

. b - b
ii. Complete the square: 22 + “x + < = (x + —) 3
a a 4a

2a

iii. Substitute t = =z + 2" which is a linear substitution and costs nothing.
a

iv. The integral is now one of the six forms of section 04.

/' dx B / dt ltan 1 :1;+2+C
J x2+4x2+13 ) t2+9 3 3 .

The sign of the constant chooses the form, but only without a root. For

/71 a positive 4ac — b2 gives an inverse tangent and a negative
ax?+bx+c

one gives a logarithm. Under a root it is the sign of a that decides: a > 0
always gives In ]t +Vt2 + k‘ and a < 0 always gives an inverse sine. Read

the leading coefficient first, then the constant.

@) SUBSTITUTION 08-14

THE SUBSTITUTION RULE

[ ey @as= [swrae,  t=g

i. Choose t so that dt absorbs a factor already present in the integrand.
ii. Replace every z, including the one hiding in dz.
iii. Integrate in ¢, then substitute back and add C.

Nothing in x may survive. A leftover  means the substitution was the wrong

one, not that it needs forcing. Either express that x through ¢ or start again
with a different choice.

09
THE PATTERNS WORTH RECOGNISING

i. / f/f))dx =In|f(z)|+C

I
4 n+1
ii. /f/(:p)[f(x)]"dw = Liﬁ] :

C) dr =2 T C
iii / o) V() +

+C,n#—-1

iv. /cf(””)f’(x)dw =efl® 4 C

" singx
. J COSx
section 03 derived rather than recalled.

tanxdz =

dr = —In|cosz| = In|secx| + C, which is row three of

Look for the derivative before choosing a method. If some factor of the
integrand is the derivative of another part of it, the question is a one line sub-
stitution and every heavier technique is wasted effort.

(x —a)(x—0) x=asec2d—btan’ 0
i z=atan’ 0
a+x
r z=asin’ 0
a—x

The surd names the substitution. Each row is chosen so that a Pythagorean
identity clears the root in one step. Reading the shape of the expression is
faster than trying substitutions, and the last three rows are the ones candi-
dates forget.

SPLITTING A LINEAR NUMERATOR
pr+gq pr+gq

For/,idxand/i
J az? +bx+c J Vax?2+bx+c

dx, write

KEY

d
(az?® + bz +c) + p

) Wphadt
pr+q dx

i. Compare coefficients to find A = 22 and then p.
a

ii. The X\ piece is the f’/f pattern of section 09, giving a logarithm or a root.

iii. The pu piece is a constant over the quadratic, so complete the square as in
section 07.

One question, two standard integrals. This split is what turns the general lin-
ear numerator into two things already on the sheet, which is why the syllabus
lists it as a standard form in its own right.

RATIONALISING SUBSTITUTIONS

INTEGRAND PUT

1

cr+d=12
(ax +b)Vex +d
! +d=t?
- cxT =
(axz? +b)Vexr +d
! +0b
(az + b)Vex? +d
1 1
- o
zkvax? +b t
vaz + bin the integrand ar+b=1t"

The aim is always the same. Kill the root by making the thing under it a per-
fect power, or push the awkward factor into the numerator with a reciprocal
substitution. Both moves leave a rational integrand, which section 22 then
handles.

13
THE z + 1/2 FAMILY
) x? +1 . .
For integrands of the form —————— divide the numerator and denominator
‘ xt + kx? + 1
by z2:
KEY
1
Lt =
z2+k+ o)

1 1 1
i. Forthe + numeratorputt = z——, sodt = (1 + —2> dxand x4+ — =242,
x x x

1 1 5 1 .
ii. Forthe —numeratorputt = z+—,sodt = (1 — 7) dx and z2+—2 =22,

iii. Either way the integral becomes one of the six forms.

Match the substitution to the numerator, not the denominator. The sign in
1. . . 1 . . .

t = = F — is fixed by which of 1 + — sits on top. A quartic denominator with
x €T

neither numerator is split as the sum and the difference first.

SUBSTITUTIONS WORTH KNOWING

flinz) - % t=Inz

f(sinz)cosz t=sinz

f(tanz)sec? x t=tanx
fle™)e” t=e”

7o+ ) with 1 = t—zt L
() t= 3

Every row is the same observation. A composite function appears together
with the derivative of its inside, so the substitution is written on the page al-
ready. Scanning for that pairing is the first thing to do with any unfamiliar
integrand.

(T Jinverse trigonometric
logarithmic

(A Jalgebraic
trigonometric

exponential

u comes from higher up

Choose u by ILATE: whichever kind appears earlier in the list is u, and the other
is integrated.

The choice is about what differentiating does. An inverse trigonometric or
logarithmic factor becomes algebraic when differentiated, which is progress;
an exponential never simplifies either way, so it is left to be integrated.

INTEGRATING A SINGLE FUNCTION

When only one function is printed, take the second factor to be 1.
o /‘lnwdz:zlnwfl'wLC
. /sin ‘ede=azsin 'z + V1224 C
. /tan’l zdr=ztan 'z — linl+a2?)+C
. / sec ! wdz = zsec !z —sgn(z)In |z + Va? — 1|+ C, the sign coming from
the || in the derivative of sec™!

The invisible factor of 1 is the trick. Every inverse and logarithmic function
on the syllabus is integrated this way. For the inverse functions the leftover

is the f’/f or the f’/\/f pattern of section 09; for Inz it is simply / 1dzx.

THE TWO PATTERNS TO SPOT

/ez [f(z) + f/(z)]dz = e f(z) + C

/. [f(z)+zf (x)]de =z f(x)+ C

» The first generalises to /‘c“"” laf(z) + f/(z)|dx = e f(z) + C.

» Both are the product rule read backwards, so verify by differentiating the right
side.

' 1 1 * . .

. /(,T (f — —2> de = & + C'is the standard instance.
xX X xX

Look for a function beside its own derivative. If an e* multiplies a bracket,

test whether one term of the bracket is the derivative of the other. When it is,

the answer is one line and no integration is done at all.

WHEN THE INTEGRAL RETURNS

e**(asinbz —bcosbx)

a? + b2 >

/e‘“‘ sinbx dx =

€**(acosbx + bsinbx)
a? + b2

{ I= /e“ sinbz da H

/ e?® cosbx dr =

by parts once ]

[ the same I reappears ](——————————{

collect the two copies and solve for T

by parts again ]

Two rounds of parts, then algebra. The same integral reappears with a coef-
ficient, so collect the copies and divide. Choosing a different factor for u on
the second round undoes the first and returns the useless identity 7 = I.

REPEATED BY PARTS

For /x"e”’dm, /a:" sinz dz and their relatives, differentiate the polynomial re-
peatedly: '

KEY
/z”ezdx =e® (z” —nz" 1 +nn-1)z"2 - ) +C

» The signs alternate and the chain terminates after n steps, when the polyno-
mial is exhausted.

» Set the work out in two columns, derivatives of u against integrals of v, and
read off the alternating products.

o For /:c” sin z dz the second column cycles through —cos, — sin, cos, sin.

Differentiate the polynomial, never the other factor. Taking u to be the
trigonometric or exponential factor makes the integral grow instead of shrink,
and the chain then never terminates.

sec” 2zxtanz n—2
/sec” rdxr = 1 + 1 /sec”*z zdr, n#1
n — n —

><’H

)l ) Pl

each step costs one integration by parts

A recurrence is an answer. These questions usually ask for the relation be-
tween I, and I,,_,, or for one specific n. Iterate down to I, or I,, which are
z and — cos z for the sine family and = and In | sec z| for the tangent family.

21
BUILDING YOUR OWN REDUCTION
i. Split one factor off the power: write sin” z as sin ' z - sin .
ii. Integrate by parts with the single factor as v.
iii. Use a Pythagorean identity to turn the leftover sin” ?zcos?z into
sin™ %z —sin” a.
iv. The original integral has reappeared, so collect and divide.
This is the derivation, and it is worth knowing. The three formulae in section

20 are the cases the papers set, but a questionon [ z™ Inxz dz or | cot”™ x dx

expects you to run these four steps yourself.

@) RATIONAL & TRIGONOMETRIC 22-32

PARTIAL FRACTIONS: THE FOUR CASES

FACTOR IN THE DENOMINATOR CONTRIBUTES

A
(x—a) . a;fa,B
—_a)? T
(z—a) r—a (z—a)?
(. —a)F one term for each power up to k&
. . Ax + B
22 + px + g irreducible —_-— cs
< +pr+q

(22 +px +q)? a linear numerator over each power
Find what you can by substitution, then compare coefficients for the rest.
Putting z = a into the cleared identity kills every term but the one over the
highest power of (z — a). The lower powers of a repeated factor, and the
numerators over the irreducible quadratics, have no root to isolate them, so
finish those by comparing coefficients.

IMPROPER FRACTIONS

Partial fractions apply only when the numerator has lower degree than the de-
nominator. Otherwise divide first:

KEY
N(z) _ R(z)
D)~ 2@+ D)
22
- = 1+ — , and the second piece is row 3 of section 04, giving
xr< — xr< —
r—1
4L ‘T ‘ .
r+zin r+1 +C

Check the degrees before writing any letters. Setting up partial fractions
for an improper fraction produces a system with no solution, and the wasted
minute is spent before anything looks wrong.

RATIONAL FORMS WITH A SHORTCUT

D ;: multiply above and below by z™~1, then put t = ™.
z(z™ + a)
2

o ﬁ is the half sum, and

:172ia2.

. 1 .. .
is —= times the difference, of ———;
x4+ at

4 +a*  2a?

2 4
each piece is section 13 run with t = = F 9" and 22 + a—z =t2 4 2a2.
xr xr

1 . 1 1 1 . . .
e ——:spl — hout solving anything.
@—a)@—b) spltasuib (:L'fa, li})) without solving anything
n—1
. 2 : this is the f’/f pattern up to a constant.
™ +a

These are the cases where partial fractions are slower than a substitution.
A denominator built from a single power of z, or a symmetric quartic, is nearly
always faster by one of these moves than by setting up unknown constants.

POWERS OF SINE AND COSINE

METHOD

[sin™ zcos™ x dx
n odd keep one cosz, putt =sinz
m odd keep one sinz, putt =cosz

both odd either works; use the smaller power

both even and > 0 drop the powers with multiple angles

m + n even and negative putt =tanz

An odd power is a gift. It hands you the single factor that becomes dt, so the
substitution is forced and the rest is a polynomial in ¢t. Only the all even case
needs identities, and only then is the work long.

others follow from it.

27
PRODUCTS OF SINES AND COSINES

i. 2sin Acos B =sin(A+ B) +sin(A — B)
ii. 2cos Asin B =sin(A + B) —sin(A — B)
iii. 2cos Acos B =cos(A + B) + cos(A — B)
iv. 2sin Asin B=cos(A — B) —cos(A + B)

/ sin3z cosbxdr = % / (sin8x — sin2x)dx = ,%gm + % +C.
A product of different angles is never integrated as a product. Convert it to
a sum first. The same four identities also handle sin ax sin bz inside a larger
integrand.

28
THE HALF ANGLE SUBSTITUTION
1 1 1 x
For a+bcosz' a+bsinz and a+bsinxz+ccosx’ put? =tan 5

KEY

1—t? 24t

sin 2t cos
r=— T
142’

Ti1ree T ire

t=tanZ: sinz = Z;, cosz = ==
It always works and it is rarely the fastest. The substitution turns any ratio-
nal function of sin z and cos z into a rational function of ¢, so reach for it when
nothing lighter fits. Sections 29 and 30 are the lighter options.

29
THE tan = SUBSTITUTION

1 . . -
For ——————— and its relatives, divide above and below by cos? z and

.2 2
asSin” x4+ bcos*x
put ¢t =tanax:

KEY

/ dx 7/ sec? zdx 7/ dt
asin®z +bcos?z atan’z +b at?+b

1
. 2 .
asin”z +bsinzcosx + ccos? x

—————, but that one lands on
a+btan® x
tions in ¢2 first.

e Theresultis / tgiib With a and b of the same sign that is the first of the
J a

e The same move handles It also handles

m and needs partial frac-

six forms and the answer is an inverse tangent; with opposite signs it is row
2 or row 3 and the answer is a logarithm.

» Every term must be of degree two in sin and cos for the division to leave a
function of tan z alone.

Count the degree before dividing. A stray constant term is degree zero, not
degree two, so multiply it by sin® z+cos? z first. That single step makes many
printed integrands fit this method.

ONE LINEAR FORM OVER ANOTHER

/aSihm+bCOSa:
For

———————— dz, write the numerator as
csinz +dcosx

KEY

X(esinz +dcosx) + p(ccosz — dsinz)

i. The second bracket is the derivative of the denominator.
ii. Compare coefficients of sinz and cos z to find A and u.

iii. The X piece integrates to Az and the u piece is the f//f pattern, giving a
logarithm.

Same idea as section 11. Whenever a numerator can be written as a multiple
of the denominator plus a multiple of its derivative, the integral splits into a

constant and a logarithm. A constant in the numerator is handled by adding
vdx

—————— goes to section 28.
csinz +dcosx

a third term v, whose integral /

31
INTEGRANDS BUILT FROM A MODULUS

i. Find every root of the expression inside the modulus.

ii. Write the integrand without bars on each interval between consecutive
roots.
iii. Integrate each piece separately.

iv. Fix the constants so that the pieces agree at the joins, which is what makes
the antiderivative continuous.

An antiderivative must be continuous. Integrating each piece with its own
arbitrary constant gives a function with jumps, which is not an antiderivative
of anything. Matching at the joins is part of the answer, not an afterthought.

Knowing these saves the time you would spend hunting. If one appears,
the question is not asking you to integrate it. It is asking for a bound, a deriva-
tive through the Newton and Leibnitz rule, or a definite integral answered by
a symmetry property.

@3 METHOD & TRAPS 33-35

33

WHICH TECHNIQUE THE INTEGRAND WANTS

{ Is it on the standard list, :

or one substitution away?

= =
yes no

write it down, } {

what kind of
expression is it?

or substitute

— T

a product of a rational trigonometric:
two kinds: parts

a power of a single function usually wants a reduction for-

function: split substitute

mula, and a surd usually wants the substitution its shape names

WHAT YOU SEE WHAT TO DO

a factor that is another’s derivative
a quadratic under or over a root
a linear numerator over a quadratic
asurd a® — 2, a® + 22, 2% — a?

a product of two different kinds

a rational function of sin and cos

a product of different angles

a row of the standard list

e®® times sin bz or cos bx

write it down
a linear inside, f(ax + b) divide by a

substitute

complete the square
split into derivative plus constant
the matching trigonometric substitution
by parts, ILATE
parts twice, solve for I

a single high power reduction formula
a rational function divide, then partial fractions
t =tan %, or tanx if degree two

convert to a sum

Spend ten seconds classifying before writing. Almost every integral on the
syllabus is one row of this table, and the cost of the wrong first move is the
whole question rather than a line of algebra.

34

iii.

iv.

vi.

vii.

viii.

ix.

xi.

xii.

35

ii.

iii.

iv.

vi.

vii.

viii.

ix.

xi.

xii.

/ dx _1tan, x
“ ) a?24+22  a a

ii.

STANDARD RESULTS WORTH MEMORISING

1T

/‘ dx —sin ' ?
VaZ—z2 a
dx
7:In’x+\/12ia2‘
/\/ﬂ:QiaQ
/ dx 1 In a+x
] a2 —2z2  2a a—x

. /sec;pdx:ln\secx+tana:\

I g — ! gw—
/fd‘L In\f\,and/ ﬁdL 2\/?

' ' \ 1 .
If /f:Fthen /f(a,:(:er)dac: aF(aerb)

/e“’[erf/}d:r:e“’f

e?®(asinbx — bcos bx)
a? + b2

/ e?® sinbr dx =

. /Inmdm:mlnzfm

n

n—1 2 tan™ 'z ' .
I, = I, for/ sin™, and /tan” === f/tan"' 2
n—1
0
t2

2dt

cosz =, da
T e 1+¢2

T . t
t=tan =: sinz = ,
2 1+¢2

TRAPS THAT COST MARKS

. The constant of integration is part of the answer.

" dx .
— = In|z|; the modulus is compulsory.
x

The 1/a in /f(aac + b)dx is the commonest missing factor.

f(x?) has no linear substitution rule; only a linear inside works.

. Substitute for dz as well as for z, and leave nothing in = behind.

Reduce an improper fraction before setting up partial fractions.
A repeated linear factor needs a term for every power up to its multiplicity.

On the second round of parts keep the same choice of u, or the work un-
does itself.

Differentiate the polynomial in repeated parts, never the exponential.

. Two correct answers can differ by a constant, so check an option by differ-

entiating it.
Match the constants at the joins when the integrand carries a modulus.

Some integrands have no elementary antiderivative; the question is asking
something else.
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