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@9 THE MATRIX ITSELF 01-08 06
LAWS OF ADDITION MULTIPLICATION DOES NOT COMMUTE POWERS OF STANDARD MATRICES THE SYMMETRIC PLUS SKEW DECOMPOSITION DETERMINANT FACTS USED ON THIS SHEET READING THE CHARACTERISTIC EQUATION
01 i. Closure and commutativity: A + B has the same order, and A+ B = B + A. [1 1} [1 0} [2 1} = Every square matrix splits in exactly one way into a symmetric part and a skew « For order 2 the equation is A2 — (tr A)A + |A| = 0, so its roots A, \, satisfy
AB = : = ;
WHAT A MATRIX IS, AND ITS ORDER ii. Associativity: (A1 B)+C = A+ (B +C). o 1| |1 | symmetric part. A+ Ay = trdand A\, = Al
corgn 2 iii. Additive identity: A+ O = O+ A = A, where O has the order of A. BA_|:1 0} : [1 1}—[1 l} 111" [1 » 1 0] 1 0 KEY [AB| = |A]|B| square, same order « In general the sum of the roots is tr A and their product is |A|, for a matrix of any
4 Az @iy 4w R BN T = ; = T — order, the roots being counted with multiplicity and allowed to be complex.
. u " . iv. Additive inverse: A + (*A) = 0. same factors, different products [O 1] [0 1] [CL 1] [na 1] 1 T 1 T |A ‘ ‘A’ square ' g . W utplictty W plex
311 G2 M GaseRT row 2 o A=5(A+AT)+ 3(A—AT) LAl — E7A d « Ais singular if and only if 0 is a root.
a3 agy | Gy ag v. Distributive over scalars: k(A + B) = kA + kB and (k +1)A = kA + [A. — > = |kA| = k™| A| order n
o In general AB + BA, so the order of the factors must be preserved at every SRS S S U o  The roots of the characteristic equation are the eigenvalues, which the Determi-
order 3x4: rows first, then columns vi. Cancellationholds: A+C =B+ C = A=B. ste N |A™| = |A|" n a positive integer
P- cosf —sind| cosnf —sinnd . . . . . . nants sheet takes further.
- A matrix is a rectangular array of numbers arranged in rows and columns. It is Addition is completely well behaved. Every law you expect from numbers sur- » Matrices that do satisfy AB = BA are called commuting. Any matrix commutes sing  cosd | — |sinng cosng » Existence is the identity above; uniqueness follows by transposing A = P + Q 1A~ = 1/]A] 1Al # 0
a bookkeeping device, not a number, so it has no value of its own. vives, including cancellation. Multiplication is where the surprises live, and topic with I, with O, with kI, and with its own powers and its inverse. and solving the pair. adj A] — |A|"! order n > 2 IF A IS THEN ITS ROOTS SATISFY

B is about exactly those failures.

. : . . _1 T —L(A_ AT _ : :
« If it has m rows and n columns its order is m x n, always rows first. The array * Aand B commute if and only if (4 + B)? = A + 2AB + B?, and equally if and  If A =1+ N with N nilpotent and N commuting with I, the binomial theorem The two parts are called = 5(4 + A7) and @ = 3(A — A7), and rQ = 0 always. idempotent each rootis 0 or 1
. H A2 2 H H . n __ n H H ° i = i i i A q q
then holds mn entries. only if (A+ B)(A—B) = A*— B~ applies and terminates: A" = I +nN + (5)N? + ..., stopping where N dies. Since trA =1r P, the whole trace sits in the symmetric part. These are the only determinant results this sheet needs. Expansion, the row involutory each root is 1 or —1
« The entry in row i and column j is written a;;, and the whole matrix is written KEY o If A = kA then A" = k"' Afor n > 2, and for n = 1 as well when k # 0, which « The decomposition needs division by 2, so itis stated for real or complex entries. and column properties, minors and cofactors, the adjoint in full, Cramer’s rule nilpotent every root is 0, 5o tr A4 — |4 = 0
07 . . . q . ' - -
A = [@45] s TRACE covers most 3 x 3 power questions built from a column times a row. This is a standard three mark question. Write AT, add and halve for P, subtract anddra:jk atl)l Ilvzon the Determinants sheet, and the two sheets are meant to be . | -~ - e 1
- : . 2 _ A2 2 . i read side by side. orthogonal, real entries each root has modulus
* Amatrix is often defined by a rule, and then you build it entry by entry from that For a square matrix, the trace is the sum of the leading diagonal entries. (A+B)*=A"+AB+BA+B Method for any A™ question. Compute A2 and A3 first. If a pattern is visible, and halve for @, then verify P + Q = A before writing the answer. The check Y J
rule. prove it by induction. If not, look for A2 = kA, for A = I + N, or reach for Cayley costs one line and catches every sign slip.
KEY q q .
A = [a,]os With a,; = i +2j gives [3 5 7} _ Every binomial identity has to be re-derived. Expand by brute force, keeping and Hamilton in section 32. @D INVERSE & CAYLEY 28-34
' ' 4 6 8 AB and BA apart, and only then use any commuting fact you have actually been

© MATRIX EQUATIONS
trd= Z Qi given.
The number of matrices of order m x n with entries from a set of £ elements i=1
is k™", If instead you are told the number of entries is N, the possible orders

correspond to the factor pairs of N, so a prime N allows only 1 x N and N x 1.

22
T SANDWICH RESULTS

AX = B with A invertible has the unique solution X = A~!B. Note the side: A~!
COMMUTING FAMILIES

ELEMENTARY ROW OPERATIONS goes on the left, because A multiplies X from the left.

v operations qn
[=in

Expressions of the form BT AB inherit the type of the middle matrix, and this single
« The matrices that commute with a given A always include I, every scalar matrix pattern answers a long list of proof questions.

kI, every power A™, and A~! when it exists. So every polynomial in A commutes

XA = Binstead gives X = BA~!, with the inverse on the right.

PROPERTY CONDITION

ZERO DIVISORS AND FAILED CANCELLATION i. Asymmetric = BT AB symmetric, for any B of a conformable order.

AXB = C gives X = A~'CB!, unwinding the outermost factor on each side

never mix a row operation with a column operation

tr(A+ B)=trA+trB same order with A. . . . . first
TYPES BY SHAPE e AB = 0O does not force A=0 or B=0. - A that I ] . : . ii. A skew symmetric = B* AB skew symmetric. :
_ : . L  For a2 x 2 matrix A that is not scalar, these are the only ones: everything com- i, ‘R . . . _ : : o
tr(kA) =ktrA any k o AB = AC with A # O does not force B = C, so cancellation is illegal. utng >v<vith s the form 1+ o1 ' y ything 1ii. BTBand BBT are symmetric for every B. i. Interchange: R; < R; When A is singular, AX = B has either no solution or infinitely many, and the full
. o . . . @ : ij ing: R. Wi test is the rank condition on the Determinants sheet.
“ DESCRIPTION tr(AT) =tr A always « Both do become valid the moment A4 is invertible, since then you may multiply iv. AHermitian — B?AB Hermitian, by the same argument with ¢ in place of 7. ii. Scaling: R; — kR; with k # 0.

. « A matrix commutes with every matrix of its order if and only if iti lar. N
through by A~! on the correct side. atrbeeo ©s every matrix of its order if and only s scala iii. Replacement: R, — R, + kR; with i # j.

e If A and B commute then so do A™ and B™, and the binomial theorem holds for KEY
1 0] 10 O
0 0 |0 1

(A+ B)".
What survives is the determinant. From AB = O you get |A||B| = 0, so at least
one of the two is singular. That is the correct deduction, and it is often all a
question needs.

Solve for X by peeling, never by dividing. There is no division of matrices, so
each step multiplies both sides by an inverse on a chosen side, and the side
must match how the factor sits.

@3 METHOD & TRAPS 35-38

row matrix one row, order 1 x n tr(AB) =tr(BA) both products defined

. * The three column operations C; <+ C;, C; — kC; and C; — C; + kC; are defined
column matrix ' ‘

in the same way.

one column, order m x 1 trl, =n identity of order n = O with neither factor zero.

(BTAB)T = BTAT(BT)" = BTATB

square matrix m = n; then n is called its order

« Each operation is reversible, and each is the same as multiplying by an elemen-
tary matrix, obtained by applying that operation to 7. Row operations multiply
on the left, column operations on the right.

. 0 1 b L
X commutes with [é 0] exactly when X = [g ] which is al + bA.

a

tr(AB) = tr(BA) even though AB + BA. Both sides equal Zm a;;b;;- 1t follows
that tr(AB — BA) = 0, so no pair of real or complex square matrices can sat-
isfy AB— BA = I. Note also that the trace does not extend to three factors:
tr(ABC) = tr(BCA) is true, but tr(ABC) = tr(ACB) is false in general.

rectangular m#n . .
One line proves all four. Transpose the sandwich by the reversal rule, and the

zero matrix O outer factors come back in their original places, so only A” changes. Whatever

every entry zero, any order Read a commuting condition as a linear system. Write X with four unknown

entries, form AX — XA — 0, and equate entries. That is four scalar equations, o Two matrices linked by such operations are called equivalent, written A ~ B.

; : P AT equals, the sandwich equals the same multiple of itself. Note that B need
horizontal m < n, wider than it is tall . . . . !
and their solution set is the family you were asked for. not be square: if Bisn x pand A is n x n, the sandwich is p x p. . WHICH TOOL THE QUESTION WANTS
vertical m > n, taller than it is wide
! 13 INVERSE BY ROW OPERATIONS What is the question asking for?
. . . . LAWS THAT DO HOLD . : . . . [ )
« In a square matrix the entries a,;, a,,, ..., a,,, form the leading diagonal, also COUNTING MATRICES @ TRANSPOSE & TYPES 18-27 Write A = I' A, then apply row operations to the left side and to I simultaneously until / \L \
lled the principal diaaonal. i. Associativity: (AB)C = A(BC) whenever the products are defined. the left side becomes I.
called the principal diagona e ORTHOGONAL MATRICES D | D D) 6
checking squareness is the first move in most questions. all matrices, entries from k values pn? iii. Identity: A I —AandI, A . — A TRANSPOSE * A square matrix is orthogonal if AA" = A* A = I, equivalently A= = A", \I, \I, J,
. . . . ) ) o e Then |A|?> =1, s0 |A| = +1 and A is always invertible. row operations
diagonal jn iv. Zero: AO = O and OA = O, with the zero matrices of the right orders. The transpose A7, also written A’, turns rows into columns: if A is m x n then AT _ . [A|I] ——— [I]|A™!] T —————— e G [, e
9 . . ith (A7) — e The rows form a set of mutually perpendicular unit vectors, and so do the ' '
. v. Scalars slide: k:(AB) = (k‘A)B = A(k‘B). IS 1 x m Wit ( )ij - aji' Cayley and Hamilton row operations compare
TYPES BY ENTRIES upper triangular, and lower separately kn(n+1)/2 egch ATV 4 columns. For th | ) te A— AT and I " |
i i . — i. = A. ) )  For the column version write A = AT and use column operations only. . .
oymmetric Y vi. Determinant: |[AB| = |A||B| for square A and B of the same order. i. (A7) e Products of orthogonal matrices are orthogonal, and so are their transposes and P Y atmost every proof about symmetric, skew, orthogonal or iden-
a a c g el . . i3 T _ AT T i ; » Never mix the two in one calculation. Choose rows or columns at the start and j ; j
|:0 ) 2} F ‘ g} F X g} |:0 ; } : : 1)) Associativity is a computing tool. To evaluate ABX where X is a column, take ii. (A+B)" = A"+ B, for matching orders. inverses. ceeD 1o it PTent natrices starts by taicing the transpose of hoth sides
U ot NN vt skew symmetric, over k values with 0 g A(BX) and you multiply a matrix by a column twice instead of forming a full ma- iii. (kA)T = kAT . . |cos® —sing| . . . i ' ‘o i « A question about a type is a transpose question. Take A” of both sides and use
diagonal scalar identity upper triangular scalar I trix product. The same idea turns (AB)" — A(BA)" !B into a short calculation iv. (AB)T = BT AT, and the order reverses. The rotation matrix sind  cosd is orthogonal with determinant 1. « If at any stage a whole row of the left block becomes zero, A is singular and no h 'l ’
I when B4 s simple "o AT AT inverse exits. Stop there and say so. @ reversal e
CONDITION (SQUARE A) . . . : v. (AA,—A)" =A; - A5 Ay . . L R ; : ; ; 2 3
g « Each count is k raised to the number of entries you are free to choose, so the ( ; 27 A) kT 25 For a 2 x 2 matrix, AA” — I alone is enough, and in general each of AAT = | « This method needs no determinant and no cofactors, so it is the faster route for A quistlon about a high power is a pattern question. Compute A% and A7 look
diagonal a;; = 0foralli# j whole method is: decide which entries are forced, and count the rest. vi. [AT]=]Aland tr(A") = tr A for square A. and AT A = T implies the other for square matrices. The two sided statement is a 3 x 3 matrix with convenient entries. for A*=kAor A=1I+ N, or use Cayley and Hamilton.
scalar diagonal with all diagonal entries equal * In a skew symmetric matrix the diagonal is forced to zero and the lower triangle 14 vii. (A1)7 = (A7)" when Ais invertible. kept because it is the one that generalises. The same reduction solves systems. Reducing [A | B] instead of [ A | I] gives * A question about an inverse s either the adjoint route, row reduction, or a poly-
. . n(n—1) . POWERS OF A SQUARE MATRIX ) i A nomial relation already given to you.
identity scalar with every diagonal entry 1 is forced by the upper, leaving ——— free entries. For that count to be a clean The reversal rule is the engine of this whole topic. Almost every proof about a the solution of AX = B directly, which is the Gauss and Jordan method.

upper triangular a;; =0foralli>j

lower triangular a;; =0foralli<j

triangular upper or lower

A diagonal matrix is written diag(d,, ...,d,,), and a scalar matrix is kI.

r'n

» A matrix that is both upper and lower triangular is diagonal.

» The determinant of a triangular or diagonal matrix is the product of its diagonal
entries.

Diagonal matrices behave almost like numbers. They commute with one an-
other, they multiply and add entry by entry along the diagonal, and diag(d,)" =
diag(d;"). Thisis why so many high power questions are really a change of view-
point into diagonal form.

EQUALITY OF MATRICES

» A= Brequires two things: the same order, and a,; = b,; for every i and j.

» So one matrix equation of order m x n is really mn scalar equations at once,
which is how unknowns are extracted.

o Matrices of different orders are never equal, and are never even compared.

=4 =4

T 2 6 2 .
!‘Ler ]_[) ]glveS:rer—ﬁdndrr;I/—2,SO:1;—4,y—2.
5) r—y 5 2

ADDITION AND SCALAR MULTIPLICATION

» A+ Bis defined only when A and B have the same order, and then (A + B),; =
a;; + bij.

» kA multiplies every entry by k, so kA = [ka;;] and —A = (—1)A.

e Subtractionis A — B = A+ (—B), again only for matching orders.

KEY

|kA| = k™|A| for asquare A of ordern

The determinant rule is the classic trap. A scalar multiplies every one of
the n rows, so it comes out of the determinant n times, not once. Compare
tr(kA) = ktr A, where it does come out just once.

IITIANFORUM.COM

REAL STUDY, GENUINE RESULTS.

power the value set must contain 0 and be closed under negation, and the di-
agonal, triangular and scalar counts likewise need 0 in the set, since they force
entries to be zero.

» Upper and lower triangular are counted separately. The matrices that are upper
or lower triangular number 2k™("+1)/2 _ k" because the diagonal ones lie in both
families.

» For a matrix of order m x n with mn entries fixed, the possible orders are the
factor pairs of mn.

Symmetric matrices of order 3 with entries from {0,1}: 6 free entries, so 2° = 64.

€:) MULTIPLICATION 09-17
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THE MULTIPLICATION RULE

a b P q ap+br aq+bs
c d r s cp+dr cq+ds

row of the first against column of the second

(m xn)(n xp)=(m xp)

Each entry of the product is a row of the first matrix run against a column of the
second.

KEY
(AB)ij = Z Ak bkj
k=1

» AB exists only when the number of columns of A equals the number of rows of
B. Those two are said to be conformable.

e If Aism x nand Bisn x pthen ABis m x p: the inner dimensions cancel and
the outer ones survive.

» Entry (¢, 5) costs n multiplications, so a small product is quick but the arithmetic
must be done in order.

10
WHEN PRODUCTS EXIST

mXxn nxop ABism x p
mXxn PXqnFEp AB undefined
1xn nx1 ABis1x1, BAisnxn
nxXn nxn both exist, both n x n

 AB and BA can both exist yet have different orders, so they need not even be
comparable.

e They have the same order only when A is m x n and B is n x m with m = n, that
is when both are square of the same order.

A row times a column is a single number, a column times a row is a whole ma-
trix. With X of order n x 1, X7 X is 1 x 1 and, for real entries, equals the sum of
their squares, while X X7 is n x n and has determinant zero for n > 2.

o A=A, A1 = A" A, and AY = I by convention for a square A.

o AMA™ = Am*t™ and (A™)" = A™”, since a matrix always commutes with its own
powers.

e (AB)" = A"B"™ is guaranteed only when A and B commute, so in general expect
(AB)TL 7& A'rLB'rL_

e |A™| = |A|", and tr(A™) has no such simple rule.

TYPE POWERS
A

idempotent, A2 = A "= Aforalln>1

involutory, A% =1 A™ =T or Aasnis even or odd

nilpotent, index k A" =0Oforalln >k

periodic, period k A"k = A" for n > 1, so powers cycle

diag(d,) diag(d")

MATRIX POLYNOMIALS

« For a polynomial p(z) = ¢y +c; o+ +c,x*, the matrix p(A) = coI +c; A+ -+, AF
is defined for any square A. The constant term must be written as ¢,I, never as
¢, alone.

e Ais aroot of pif p(A) = O. Every relation such as 42 = A + I is a statement of
this kind, and it lets every higher power be reduced.

» Two polynomials in the same matrix always commute, since both are built from
powers of A.

If A> = A+ 1then A> = A- A2 = A2 + A = 2A + I, and the pattern continues with
Fibonacci coefficients.

A polynomial relation is the fastest route to an inverse. From A% —3A4 421 = O
read A(31 — A) = 2I, so A~! = (3 — A). This works whenever the constant
term is a non zero multiple of I, and that constant term is exactly +|A| for the
characteristic polynomial.

special type begins with taking the transpose of both sides and applying it, so
it is worth being automatic.

19
SYMMETRIC MATRICES
a h g9 0 h g9
h b f ~-h 0 f
g f e -9 —f 0
symmetric: AT = A, skew: AT = —A, di-

mirror entries equal agonal all zero

Ais symmetric if AT = A, thatis a;; = a;;. Only square matrices qualify.

The entries are mirrored across the leading diagonal, and the diagonal itself is
unrestricted.

. . n
A symmetric matrix of order n has

independent entries.

(n+1)
2

AAT and AT A are symmetric for every matrix A, square or not, and A + AT is
symmetric for every square A.

If A is symmetric then so are kA, A™ and A~L.

The sum of two symmetric matrices is symmetric, but the product need not
be. For symmetric A and B, (AB)T = BT AT = BA, so AB is symmetric exactly
when A and B commute.

20

SKEW SYMMETRIC MATRICES
o Ais skew symmetric if AT = —A, thatis a;; = —a;,.
« Putting i = j gives a,;, = —a,;;, SO every diagonal entry is zero.

. .. —1
e The number of independent entries is n(”2)

il

o A— AT is skew symmetric for every square A.

o If Ais skew symmetric then A" is skew symmetric for odd n and symmetric for
even n.

0 2 -3
—2 0 5 | is skew symmetric of order 3, with 3 free entries.
3 =5 0

The odd order result. If A is skew symmetric of odd order n then |A| = |[AT] =
| — Al = (—1)"| 4| = —|A|, so |A| = 0 and A is singular. For even order |A] is a
perfect square, and in particular it can be non zero.

IDEMPOTENT, INVOLUTORY, NILPOTENT, PERIODIC

TYPE DEFINITION CONSEQUENCE

|Al]=0o0r1;I—Ais

idempotent A=4 idempotent too
involutory A2 =1 Al=+1; A7t=A
nilpotent Ak = O for some k 4] =0; smaillnedséxsuch i the
periodic AR = A for some k smallest such k is the period
singular |Al =0 no inverse exists
non singular Al #0 A1 exists and is unique

« An idempotent matrix other than I is singular, since A% = A gives |A|?> = |A| and
an invertible A forces A = 1.

e Aisinvolutory if and only if (I — A)(I + A) = O.

« An idempotent matrix has period 1, so periodicity generalises idempotence.

CONJUGATE AND TRANSPOSE CONJUGATE

For a matrix with complex entries, A = [a;;] conjugates every entry.

The transpose conjugate is A’ = (A)” = (AT), also written A* or A7,

(A)=A, A+ B=A+B,kA=kAand AB = AB.
(A% = A, (kA)? = kA% and (AB)? = BYA?, so the order reverses here too.

Only the scalar rule differs from the plain transpose. A scalar comes out con-
jugated, and that single change is what makes the Hermitian conditions in the
next section behave the way they do.

HERMITIAN AND SKEW HERMITIAN

A is Hermitian if A° = A, so a;; = @,. Its diagonal entries satisfy a;; = a;, and
are therefore real.

» Ais skew Hermitian if A = —A, so a,; = —a;; and each diagonal entry is purely
imaginary or zero.

» A real Hermitian matrix is symmetric, and a real skew Hermitian matrix is skew
symmetric.

o If Ais Hermitian then iA is skew Hermitian, and conversely.

o AAY is Hermitian for every A, and for square A the matrix A + A% is Hermitian
while A — A? is skew Hermitian.

o Every square complex matrix splits uniquely as A = %(A + A%) + %(A — A%,

3 2—1] . e . . . . . .
{2 L 1]] is Hermitian; its diagonal is real and the off diagonal pair are conju-
) 12 —

gates.

INVERTIBLE MATRICES

e Bistheinverse of Aif AB= BA=1,andthen B= A"".

e An inverse exists if and only if A is square and |A| # 0, and when it exists it is
unique.

adj A
A

e (A1 =4, (kA) P =14 fork#0,and (A7)t = (41T,

e (AB)"! = B~'A!, and the order reverses, exactly as for the transpose.

° A71:

, Which is the route developed on the Determinants sheet.

For square matrices one sided is enough. If AB = I with A and B square of the
same order, then |A||B| = 1 forces |A| # 0, and multiplying AB = I by A~! gives
B = A"! hence BA =TI as well.

THE CAYLEY AND HAMILTON THEOREM

[ [A—XI| =0 ]
\|/ expand
( A2 _(trA)A+ A =0 )

put A=A, 1=1

( A? — (trA)A + |A]I = O )

now multiply by A~!, or iterate for A"

Every square matrix satisfies its own characteristic equation. If |A — \I| = 0 ex-
pands to p(\) = 0, then p(A4) = O, with the constant term read as a multiple of I.

KEY

order2: A?2—(trA)A+|A|I=0

« For order 3 the characteristic equation is A> —c; A2 +c,\—|A| = 0, where ¢, =tr A
and ¢, is the sum of the three principal 2 x 2 minors, that is the minors left after
deleting row i and column i fori = 1,2, 3.

e The theorem holds for every square matrix, singular or not.

» Substituting A = A is a statement about the expanded polynomial, not about the
determinant, since |A — AI| = 0 is a triviality and proves nothing.

32
USING CAYLEY AND HAMILTON
i. For the inverse. From A? — (trA)A + |A|I = O, multiply by A~! to get

Al = (trA)i—A valid when |A| # 0.

ii. Forhigh powers. The relation rewrites A2 in terms of A and I, so every power
reduces and A" = «,,A + (3, I for order 2.

iii. Forapolynomialin A. Divide the polynomial by the characteristic polynomial;
only the remainder survives, and it has degree less than n.
3 -2
—1 1|

This is the shortcut the Advanced paper rewards. A 2 x 2 inverse or a power
such as A% takes two lines by this route, where cofactors or repeated multipli-
cation would take a page.

2

«

For A = trA=4,|A|=1,s0A? =4A—Tand A~ =41 — A =

A question about existence is a determinant question, and |AB| = |A||B| is usu-
ally the whole of it.

36
STANDARD RESULTS WORTH CARRYING
i. tr(AB— BA)=0,so0o AB— BA = I isimpossible.

ii. A symmetric and B symmetric = AB symmetric if and only if AB = BA.

iii. A skew symmetric of odd order — |A| = 0.

iv. Alidempotent = I — A idempotentand A( — A) = O.
v. Aorthogonal = |A|=4+1and A~ = AT.

vi. AAT and AT A are symmetric for every A.

vii. A nilpotent = I — Aisinvertible, with (I — A)"' =T+ A+ A% +... 4 AF L,
viii. |adjA| = |A|"! and adj(adjA) = |A|"2A for |A] # 0.

37
TRAPS

i. AB and BA may both exist and still differ, in value or even in order.

ii. AB = O does not make either factor zero; only |A||B| = 0 follows.

iii. Cancellation is illegal unless the cancelled matrix is invertible.

iv. (A+ B)? # A2 +2AB + B% unless A and B commute.
v. |kA| = k™| A, not k|A].

vi. In (AB)T and (AB)~! the order of the factors reverses.

vii. A skew symmetric matrix has zeros down the whole leading diagonal, so no

diagonal entry may be chosen freely.

viii. Inthe constant term of a matrix polynomial, write ¢ and not c.

ix. Never mix a row operation with a column operation inside one reduction.

38
WHERE THIS SHEET ENDS

o Expansion of a determinant, its row and column properties, minors, cofactors,
the adjoint in full, rank, echelon form, Cramer’s rule and eigenvalues are on the

Determinants sheet.

» Systems of linear equations, consistency and the matrix and rank methods are
also on the Determinants sheet.

» Complex conjugation, used in sections 25 and 26, is on the Complex Numbers
sheet.

» The rotation matrix of section 16 reappears as a transformation on the Straight
Lines sheet.

Matrices and determinants are one unit in the syllabus and two sheets here.
This sheet is the algebra of the array itself, the other is the number attached
to it. Advanced marks the unit high weightage, and questions routinely cross
between the two, so read them together.
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