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ADDITION AND MULTIPLICATION PRINCIPLES

3 shirts 2 trousers each

S1P1
<
S1P2
S2P1
o =
S2P2
S3P1
s <
S3P2

stage counts multiply: 3 x2=6 outfits

» Addition: if a task is done in one of several disjoint ways, with m ways of one
kind and n of the other, there are m + n ways in all.

« Multiplication: if a task is done in stages, and stage i always offers n, choices
whatever happened before, the stages together give

KEY

N =nyng - ny

« What must not depend on earlier choices is the number of options at each stage,
not the options themselves.

» "Or" with disjoint cases adds; "and then" multiplies.

Divisors of 72 = 233%: choose the power of 2 in 4 ways, then the power of 3 in 3
ways, giving 12.

Overlapping cases do not simply add. When the cases share outcomes, adding
counts the shared ones twice; inclusion and exclusion (section 17) is the correc-
tion.

PERMUTATIONS

KEY

 n distinct objects in a row: n! ways. An ordered choice of r of them: P(n,r).
» With repetition allowed, r places each filled from n options: n” ways.

» Objects that are alike: n objects with a of one kind, b of another, and so on, can
!

. n
be arranged in Tl ways.
a/. Peee

J
BANANA has 3 A, 2 Nand 1 B: % = 60 arrangements.

0! = 1is a convention, and the right one. It makes P(n,n) = n!/0! and (7) =1
come out correctly without special cases.

COMBINATIONS AND PASCAL'S TRIANGLE

1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
N
1 6 15 20 15 6 1
($)+(G)=(5): each entry is the sum of the two above

KEY

) =m=

Symmetry: (") = (," ). Pascal: (") = ("_}) + (" 1).

n—r r r—1 T

> (1) =27, and for n > 1 the even and odd terms each sum to 2"~
Hockey stick: (:) + <T+1) 4+ (7:) _ (n+l>'

r r+1

Vandermonde: >, ()(,",) = ("").

Prove identities with a story, not algebra. Pascal’s rule says a chosen group
either contains a particular person or it does not. Most identities on this sheet
fall out of one such sentence.

CIRCULAR ARRANGEMENTS
KEY

n distinct objects round a circle: (n —1)!

» Rotations count as the same, so fix one object and arrange the rest in a line.
« If turning over is also allowed, as for a necklace or garland with n > 3, there are
(n—1)!
5
« If the seats are labelled, it is a line again: n!.

5 boys and 5 girls alternating round a table: seat the boys in 4! ways, then the girls
in the 5 gaps in 5! ways, 2880 in all.

Dividing by n needs every object distinct. With repeated objects, a symmetric
pattern has fewer rotations. Two red and two blue beads give (‘2*) = 6 strings but
only 2 necklaces up to rotation, not 6/4.
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COMPLEMENTARY COUNTING

KEY

#(at least one) = #(all) — #(none)

» Count what you do not want, and subtract it from the total.

» Use it whenever the complement is one simple case while the original splits into
many.

Four digit numbers with at least one repeated digit: 9000 —9-9-8-7 = 9000 — 4536 =
4464.

TOGETHER, AND NEVER TOGETHER

G G G
4 boys make 5 gaps; seat the girls in 3 of them: 4!@)&

« Together: glue the group of k into one block, arrange the n — k + 1 units, then
arrange inside the block: (n — k + 1)! k.

» No two together: arrange the other p objects first; they leave p + 1 gaps, and
each of the m separated objects takes its own gap:

KEY

4 boys and 3 girls in a row with no two girls adjacent: 4! - (3) - 3! = 24 - 10 - 6 = 1440.

"Not all together” is not "no two together”. The first is the total minus the all-
together count; the second is the gap method. They are different numbers.

NUMBERS WITH DIGIT CONDITIONS
» The leading digit cannot be 0: fill the first place first, or count all strings and
subtract those that start with 0.

« For a divisibility condition, fix the deciding digits first: the last digit for 2 or 5, the
last two for 4.

« Sum of all numbers formed by arranging n distinct non zero digits: each digit
sits in each place (n — 1)! times, so

KEY
(n—1)! (Zd) Uil

With 1,2,3: 2!-6 - 111 = 1332, and indeed 123 + 132 + 213 + 231 + 312 + 321 = 1332.

OVERCOUNTING AND DIVIDING

» Count in a convenient ordered way, then divide by k if every object has been
counted exactly k times.

» Handshakes among n people: n(n — 1) ordered pairs, each handshake counted
twice, so (3).

» When objects are counted different numbers of times, sort them by multiplicity
and divide each group by its own factor.

IOQM 2026, Q22: the cards 0,1, 2, 3, 10, 23 give 600 orders without a leading 0, but 1
then 0 reads like the card 10, and 2 then 3 like 23. Strings come from 1, 2 or 4 orders,
giving 408 + 84 + 6 = 498.

Check the multiplicity before dividing. Dividing a count by a single factor is
only valid when every object is overcounted equally; Q22 is built to punish that
step.

) DISTRIBUTIONS & BIJECTIONS 89-16

STARS AND BARS

=2 Ty =3 z3 =0 x, =1

9 places, choose where the 3 bars go: (3)::84 solutions
KEY

#z0= ("7

#{x, > 1} = (Z:i)

» These count integer solutions of x, +---+x;, = n; equally, ways to put n identical
objects into k distinct boxes.

e Alower bound z; > a; is removed by substituting y, = =, — a;.

e Aninequality z, +---+ 2z, < n becomes an equation with one extra slack variable:
("*) non negative solutions.

x +y+ 2z = 10 in non negative integers: (]22) = 66.

UPPER BOUNDS BY INCLUSION AND EXCLUSION

For z, + -+ x;, = n with 0 < z; < ¢, subtract the solutions in which some variable is
atleast c + 1:

KEY

B ()

Jj=0

e Stop when n — j(c + 1) becomes negative.

« The same number is the coefficient of 2™ in (1 + x + - + 2°)k.

Three dice showing a total of 10: puty, = z, — 1, SO y; + y, + y5 = 7 with y, < 5:

(5)—3(3)=36-9=2T.

DISTINCT OBJECTS INTO BOXES
 n distinct objects into £ distinct boxes: k™ ways, the number of functions from
ann setto ak set.
» At most one per box needs n < k and gives P(k,n) ways.

» Every box non empty (onto functions):

KEY

jfj«—1>j(§)<k-—j>"

7=0

« Into k identical non empty boxes: divide the onto count by £!. This is the Stirling
number S(n, k).

e S(n,2)=2""1—1and S(n,n—1) = (3).

Onto maps from 5 objects to 3 boxes: 3° —3-25 +3-1° = 243 — 96 + 3 = 150, SO
S(5,3) = 25.

LATTICE PATHS

B
RRURURRU
5 R and 3 U
®e
A
a path is a word in R and U: (i)::SG paths

Paths from (0,0) to (m, n) with unit steps right and up are words with m R and n U:

KEY
m-+mn
m

e Through a point P: multiply the counts to P and from P. Avoiding P: subtract
that from the total.

» With obstacles or extra steps, fill in the grid: each point gets the sum of the
counts at the points that lead into it.

CATALAN NUMBERS AND REFLECTION

. =x+1
1’ . y=x+
[}
[}
[}

(n—1,n+1)

first touch@f===or
//
/7

4
7/

reflect the rest of a bad path in y = = + 1: bad

paths to (n,n) match all paths to (n — 1,n + 1)
Paths from (0,0) to (n,n) that never go above y = 2 number

KEY

n (2:)_(7124?1) :ni1<2:>

» Reflection: a bad path first touches y = = + 1; reflecting the rest of it in that line
gives, one to one, every pathto (n —1,n+1).

o Cp,Ch,=1,1,2,514,42,132,429, and C,,, ; = ijo C,C, ..

« C, also counts balanced strings of n pairs of brackets, triangulations of a convex
(n 4+ 2) gon, and ways to bracket a product of n + 1 factors.

BIJECTIONS

To count a set, match it one to one with a set that is easier to count.

Subsets of an n set match binary strings of length n: 2.

Choices of r objects from n types with repetition match stars and bars: (”*:*1);
so do non decreasing maps {1,...,7} — {1,...,n}.

» Notwo consecutive: » numbers from 1, ..., n with no two consecutive match, by
subtracting ¢ — 1 from the ith smallest, arbitrary r subsets of 1,...,n —r + 1:

KEY
n—r+1
r

A bijection needs both directions. Describe the map, describe its inverse, and
check that each undoes the other. A map that is only onto, or only one to one,
proves an inequality, not an equality.

COMPOSITIONS

A composition of n is an ordered sum of positive parts. There are (Zj) with £ parts,
so in total

KEY

» Restricted parts: if the parts must come from a set P, split on the first part:
g(m) =3_ pg(m—p), with g(0) =1 and g(m) =0 for m < 0.

« Compositions into 1s and 2s are counted by the Fibonacci numbers.

IOQM 2026, Q7: the digits form blocks 2,4, 8,81, a parity argument rules out 81, and
halving leaves compositions of 7 into parts 1,2,4, giving g(7) = 31.

PARTITIONS

A partition of n is an unordered sum of positive parts. List them with parts in
decreasing order, so that each is written once.

p(1),...,p(10) = 1,2,3,5,7,11,15, 22, 30, 42.

Partitions into at most k parts are as many as partitions into parts of size at most
k; flip the dot diagram across its diagonal.

Euler: partitions into distinct parts are as many as partitions into odd parts.

n = 6: distinct parts 6, 5+ 1, 4+2, 3+2+1;0oddparts5+1,3+3,3+1+1+1, 1+
1+1+1+1+ 1. Foureach.

=) INCLUSION, EXCLUSION & RECURSION 17-24

INCLUSION AND EXCLUSION

centre counted

+3-3+1=1
time, like every
‘ other region

KEY

JAUBUC| =) |A|-> |ANB|+|AnBNC]

» In general add the single sets, subtract the pairs, add the triples, and so on with
alternating signs.

e The count of elements in none of the sets is the total minus the union.

« It works because an element lying in exactly ¢ > 1 sets is counted (})—(4)+ =1

time.

Orders of 1,...,5 with 1 not first and 2 not second: 120 — 24 — 24 + 6 = 78.

DERANGEMENTS

A derangement is an arrangement in which no object is in its own place.

KEY

° Dn = (n - 1)<Dn71 + Dn72) and Dn = nanl + (71)17
e Dy,...,D;,=0,1,2,9,44,265, 1854, and D,, is the nearest integer to n!/e for n > 1.
« Exactly k objects in their own places: (})D,,_.

5 letters in 5 envelopes, all wrong: 44 ways; exactly two right: (S)D3 = 20.

COUNTING STRINGS THAT USE EVERY VALUE

« Strings of length n from k values that use all £ values: the onto count of section
1.

» Strings from a window of w > 2 consecutive values that use both end values:

KEY

w—2(w—1)" 4+ (w—2)"

e For any three reals, |z — y| + |y — z| + |z — 2| = 2(max —min), since the middle
value cancels.

« 10QM 2026, Q17: 2(max —min) = 8 fixes a window of 5 values from 1 to 8, there
are 4 windows, and each gives 5% — 2 - 43 4 33 = 24 triples: 96.

SETTING UP A RECURSION
last tile a square: t; =3
last tile a domino: t, =2
ty =ts+t, =5; the strip lengths give 1,2,3,5,8,..

e Name the counta
cases.

split on the first or last move, and write a,, in terms of smaller

ni

 Tilings of a 1 x n strip by squares and dominoes split on the last tile:
KEY

tp =tp1 1l o, ty =1, 1, =2

e Binary strings of length n with no two adjacent 1s satisfy the same rule and

number F,, ,, with [, = F, = 1.

Check a recursion against hand counts for n = 1,2, 3 before trusting it. A miss-
ing or doubled case shows up at once in the small values.

CLASSIC RECURSIONS

PROBLEM RECURSION CLOSED FORM

Tower of Hanoi h,, =2h, ,+1 2" —1
regions cut by n lines in n?4+n+2
- Ty =Tp_1+tN —_
general position 2
regions cut by n > 1 circles,
each pair meeting twice,no ¢, =c, ;+2(n—1),¢; =2 n? —n+2
three through a point
2 x n board by dominoes d,=d, 1+d, o F, .
derangements D, =(n—-1)D, 1+D,_,) section 18

The new piece meets the old ones. The nth line crosses n — 1 lines and so is
cut into n pieces, each splitting one region in two. The same reasoning gives
every geometric recursion in the table.

SOLVING LINEAR RECURRENCES

Fora, =pa, |+ qa, 5, find the roots «, 8 of 22 = px + ¢q. Then

KEY

a, = Aa™ + BB" (a# B)
4y = (A+ Br)a® (o =)

e Find A and B from the first two terms.
« A constant term is absorbed by a shift: a,, = 2a,, ; +1 givesa,, +1 =2(a,,_; +1).

n

a, =5a, ,—6a, o ay=1,a; =4:roots2,3; A+B=1,2A+3B=4,50a, =2-3"—2",

23
COLOURING PATHS AND CYCLES

 n regions in a row, k colours, neighbours different: k(k —1)" 1.
e n > 3 regions in a ring, neighbours different:

KEY

(k=" +(=1)"(k—1)

5 sectors of a ring with 3 colours: 2° — 2 = 30.

The ring is a row with one more condition. Colour round the ring as if it were
a row, then remove the colourings whose first and last regions agree; those are
rings with one region fewer, and repeating gives the alternating term.

24
COUNTING STAGE BY STAGE
« When each stage offers the same number of options whatever was chosen be-
fore, multiply the stage counts, even if the options themselves change.

» |OQM 2026, Q23: once the shared side of a square is coloured, its other three
sides must show the two missing colours, which happens in 27 —8 —8 + 1 = 12
ways. So N = 3 - 12° = 746496, remainder 96.

« |OQM 2026, Q18: for a non self intersecting path through the vertices of a poly-
gon, each new vertex must be an end of the unused arc, so there are n - 272
good labellings; n = 8 gives 512.

If the stage counts do change, split into cases or track a state, as for the ring
of section 23. Multiplying anyway is the commonest overcount.

;) PIGEONHOLE, INVARIANTS & GRAPHS 25-33

25
THE PIGEONHOLE PRINCIPLE

box 1 box 2 box 3 box 4

5 objects, 4 boxes: some box holds [5/4] =2

N objects in k boxes =

some box holds at least {%W

» The counting is trivial; the work is in choosing the boxes.

e Any 5 points in a unit square include two at distance at most @: cut the square
into four squares of side 3.

26
PIGEONHOLE: STANDARD USES

i. Any n + 1 numbers from 1,...,2n include two consecutive ones, hence two
coprime ones; box the pairs {1,2},{3,4},....

ii. Any n+ 1 numbers from 1,...,2n include one dividing another; box each num-
ber by its largest odd divisor.

iii. Any n integers contain a non empty block of consecutive terms whose sum is
a multiple of n; box the n + 1 prefix sums S, =0, 5, ..., S,, by their remainders
mod n; two agree, and the terms between them form the block.

iv. Any 5 lattice points in the plane include two whose midpoint is a lattice point;
box them by the parities of their coordinates. In space, 9 are needed.

v. Erdos and Szekeres: any n? + 1 distinct reals in a row contain an increasing
or a decreasing run of n + 1, not necessarily adjacent.

When the boxes are remainders, the pigeonhole is a statement about congru-
ences. Item 3 is the bridge between this sheet and the IOQM Number Theory
sheet.

27
COLOURING AND PARITY ARGUMENTS

62 squares left
30 dark, 32 light
a domino covers

one of each

so no tiling

» Colour the board so that every piece covers a fixed colour pattern; a mismatch
in the colour counts proves the tiling impossible.

« |OQM 2026, Q1: colour (i,5) by the parity of i + j. The centre (5,5) is white, so
white means i, j both odd or both even: 5-5+4 -4 = 41.

* I0OQM 2026, Q12: a row of 7 with an even number of checkers holds at most
6, so at most 42. At 42 each row has one gap, each column must have an odd
number of gaps, so one each, and the empty diagonal works.

« Other colourings: by (i + j) mod 3 for 1 x 3 tiles, and four colours in diagonals
for 1 x 4 tiles.

INVARIANTS
« An invariant is a quantity that no allowed move changes. If the start and the
target differ in it, the target cannot be reached.

o Common invariants: the parity of a sum, a sum modulo m, the sign of a product,
a count of colours.

Write 1,2, ..., 10; repeatedly replace two numbers a,b by |a—b|. Since a+band |a—b|
have the same parity, the parity of the total never changes. It starts at 55, odd, so
the last number is odd.

An invariant only proves impossibility. It never shows a target can be reached.
For that, give an explicit sequence of moves.

29
MONOVARIANTS AND TERMINATION

« A monovariant moves in one direction only. If it is a non negative integer that
strictly decreases at every move, the process must stop.

» To prove a good final state exists, run any process that strictly improves a quan-
tity taking only finitely many values, such as an integer between fixed bounds. It
must stop, and when it stops nothing can be improved, so that is the good state.

Split the vertices of a graph into two groups. If some vertex has more neighbours
in its own group than in the other, move it across. The number of edges between
the groups rises each time, so the moves stop, and then every vertex has at least
half its neighbours in the other group.

EXTREMAL PRINCIPLE

» Look at the largest, smallest, first or last object; it often has a property the others
need not have.

e A bound is only half an answer. A maximum needs a construction that attains
it, as the empty diagonal in Q12.

» Greedy for a maximum: give the biggest values to the places that count most.
IOQM 2026, Q4: the three largest digits take the tens places, so N = 10(9 + 8 +
7)+ (6 +5+4) = 255, digit sum 12.

KEY

a; < <a,, b<-<b,

= Zaibaﬁ) < Zaibi

The rearrangement inequality above is the greedy rule in algebraic form: sim-
ilarly ordered pairs give the largest sum of products, and oppositely ordered
pairs the smallest.

DOUBLE COUNTING

» Count one collection in two different ways and set the answers equal.

 Handshake lemma: every edge has two ends, so

KEY

> deg(v) =2E

» Hence the number of vertices of odd degree is even.
e >, k() = n2"": choose a committee and its chair, or the chair first and then
any subset of the rest.

IOQM 2026, Q26: every point has exactly three red segments, so n > 4; the colour-
ing rule forces n < 6; and n = 5 fails because the red degrees would sum to 15,
which is odd.

GRAPHS: WHAT TO KNOW

pentagon: colour 1
pentagram: colour 2

no one colour

triangle, so R(3,3)>5

« The complete graph K, has (}) edges, and a tree on n vertices has n — 1.

A graph is bipartite exactly when it has no cycle of odd length.

« Ramsey: colour the edges of K in two colours and some triangle has one
colour; K can avoid it, as drawn. So R(3,3) = 6.

« Mantel: a graph on n vertices with no triangle has at most |n?/4] edges.

* In IOQM 2026, Q26 the red graph for n = 6 is K33, and n € {4,6} gives the
answer 10.

COUNTING IN POLYGONS

4 vertices

< 1 crossing
so (}) crossings

if no three meet

n .
e A convex n gon has diagonals.

(n—3)
2

« If no three diagonals meet at a point, every interior crossing comes from exactly
one choice of 4 vertices:

KEY

(Z) interior crossings

 Under the same condition the diagonals cut the polygon into (7)) + ("51) regions.

« Triangles with vertices among the n vertices: (7); with no side in common with

nin—4)(n—5)
6

the polygon: forn > 4.

« n lines in general position cross at (3,) points.

34
WHICH TOOL THE QUESTION WANTS

[ What is being counted? ]
order a selection f a messy ] ( prove it
matters or a split L condition )| exists
n!, P(n,r), (), stars complement, pigeonhole,
multiset, and bars, inclusion and invariant,
circle paths exclusion, recursion extremal

» Read the question for order: does swapping two chosen things give a new an-
swer? If yes, permutations; if no, combinations.

« Identify what is identical and what is distinct, among both the objects and the
boxes. That single decision picks the formula in topic B.

» A condition that is hard to state directly is usually easy as a complement, an
intersection count, or a recursion.

» "Show that" questions about existence want pigeonhole, an invariant, or an ex-
tremal object, not a count.

NUMBERS WORTH KNOWING

SEQUENCE FIRST VALUES

Catalan C,, n >0 1,1,2,5,14,42,132, 429
derangements D, n > 1 0,1,2,9,44, 265, 1854

partitions p(n), n > 1 1,2,3,5,7,11, 15, 22, 30, 42

Fibonacci F,, n > 1 1,1,2,3,5,8,13,21, 34,55
2, >0 1,2,4,8,16, 32,64, 128, 256,512, 1024
nl,n>1 1,2,6,24, 120, 720, 5040, 40320

Recognise a sequence from its first terms. Count the cases n = 1,2,3,4 by
hand; if they read 1,2,5,14 or 1,2, 3,5, the answer is almost certainly Catalan or
Fibonacci, and the proof is then a matter of finding the recursion.

HOW 10QM 2026 USED THIS SHEET

- ASKED FOR TOOL, SECTION

1 white squares of a board parity colouring, 27

4 a largest sum of numbers greedy place value, 30
7 restricted digit strings compositions, 15

12 most checkers, even lines parity bound, 27 and 30
17 triples with |z —y| + - =38 end values, 19

18 non crossing labellings stage by stage, 24

22 strings from cards unequal overcounting, 08
23 colourful squares stage by stage, 24

26 a two coloured graph double counting, 31

Nine of the thirty questions were combinatorics, second only to number the-
ory. Several of them, Q12 and Q26 in particular, are half a bound and half a
construction, and both halves carry the marks.

5/
TRAPS

i. Adding cases that overlap counts the overlap twice.
ii. Multiplying stages whose option counts depend on earlier choices.
iii. Dividing by a symmetry factor when objects are not all overcounted equally.

iv. (n —1)! for a circle needs distinct objects; necklaces of repeated beads are
counted case by case.

v. "Not all together” and "no two together"” are different counts.

vi. Forgetting the leading zero in numbers with digit conditions.
vii. Stars and bars counts identical objects; distinct objects into boxes is k™.
viii. Aninvariant shows a target is impossible; it never shows one is possible.

ix. A bound without a matching construction is not a maximum.

38
WHERE THIS SHEET ENDS

« Divisibility, remainders and digit problems, including the pigeonhole on remain-
ders, belong on the IOQM Number Theory sheet.

» Polynomials, inequalities, recurrences in algebraic form and functional equa-
tions belong on the IOQM Algebra sheet.

« Angle chasing, circles and lengths belong on the IOQM Geometry sheet.
» The JEE side of this chapter, with its standard formulas, is on the Permutations
and Combinations and Binomial Theorem sheets.

A combinatorics answer is a count plus a reason. Before writing a number, test
the method on the smallest case you can list by hand. If the method fails there,
it fails everywhere.
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