
[ R E V I S I O N T O O L · I O Q M · P R E - R M O · O L Y M P I A D M A T H E M A T I C S ]

CONCEPTMAP
IOQM ·ALGEBRA

5 TOPICS · 38 CORE IDEAS · ONE SHEET

doMath.in

SCAN TO PRACTICE

IITIANFORUM
R E A L S T U D Y , G E N U I N E R E S U L T S .

Ritesh Raj · M.Sc Mathematics, IIT Delhi
JEE Main · JEE Advanced · Olympiad Mathematics

iitianforum.com

A IDENTITIES &MANIPULATION 01–08

A·0101
IDENTITIESWORTHKNOWING

• (𝑎 ± 𝑏)2, (𝑎 ± 𝑏)3, 𝑎2 − 𝑏2, 𝑎3 ± 𝑏3, and (𝑎 + 𝑏 + 𝑐)2 = 𝑎2 + 𝑏2 + 𝑐2 + 2(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) should be automatic.

K E Y

𝑎3 + 𝑏3 + 𝑐3 − 3𝑎𝑏𝑐
= (𝑎 + 𝑏 + 𝑐)(𝑎2 + 𝑏2 + 𝑐2 − 𝑎𝑏 − 𝑏𝑐 − 𝑐𝑎)

• So 𝑎 + 𝑏 + 𝑐 = 0 gives 𝑎3 + 𝑏3 + 𝑐3 = 3𝑎𝑏𝑐.
• The second factor is 1

2 [(𝑎 − 𝑏)2 + (𝑏 − 𝑐)2 + (𝑐 − 𝑎)2], which for reals is never negative and is zero only
when 𝑎 = 𝑏 = 𝑐.

The three terms 𝑥 − 𝑦, 𝑦 − 𝑧, 𝑧 − 𝑥 add to 0, so (𝑥 − 𝑦)3 + (𝑦 − 𝑧)3 + (𝑧 − 𝑥)3 = 3(𝑥 − 𝑦)(𝑦 − 𝑧)(𝑧 − 𝑥).

A·0202
FACTORISATION TECHNIQUES

• Take out common factors and group terms.
• Complete a square, then use a difference of squares: 𝑥4 + 𝑥2 + 1 = (𝑥2 + 1)2 − 𝑥2.
• Read the expression as a quadratic in one variable; it factors over the rationals when its discriminant
is the square of a polynomial with rational coefficients.

• Pair the factors of a product of four linear terms so that the two quadratics share 𝑥2 + 𝑘𝑥.

K E Y

𝑥4 + 𝑥2 + 1 = (𝑥2 + 𝑥 + 1)(𝑥2 − 𝑥 + 1)

(𝑥 + 1)(𝑥 + 4) ⋅ (𝑥 + 2)(𝑥 + 3) + 1 = (𝑢 + 4)(𝑢 + 6) + 1 = (𝑢 + 5)2 with 𝑢 = 𝑥2 + 5𝑥, so it equals (𝑥2 + 5𝑥 + 5)2.

A·0303
SYMMETRIC FUNCTIONS OF TWOVARIABLES

Every symmetric polynomial in 𝑥, 𝑦 is a polynomial in 𝑠 = 𝑥 + 𝑦 and 𝑝 = 𝑥𝑦.

K E Y

𝑥𝑛 + 𝑦𝑛 = 𝑠 (𝑥𝑛−1 + 𝑦𝑛−1) − 𝑝 (𝑥𝑛−2 + 𝑦𝑛−2)

• 𝑥2 + 𝑦2 = 𝑠2 − 2𝑝, 𝑥3 + 𝑦3 = 𝑠3 − 3𝑠𝑝, (𝑥 − 𝑦)2 = 𝑠2 − 4𝑝.
• 𝑥 and 𝑦 are the roots of 𝑡2 − 𝑠𝑡 + 𝑝 = 0, so they are real exactly when 𝑠2 ≥ 4𝑝.

𝑥 + 𝑦 = 3, 𝑥𝑦 = 1: 𝑥3 + 𝑦3 = 27 − 9 = 18 and 𝑥4 + 𝑦4 = (9 − 2)2 − 2 = 47.

A·0404
SURDS ANDNESTED RADICALS

K E Y

√𝑎 ± 2
√

𝑏 = √𝑚 ± √𝑛
(𝑚 + 𝑛 = 𝑎, 𝑚𝑛 = 𝑏, 𝑚 ≥ 𝑛 ≥ 0)

• Rationalise with the conjugate: 1√𝑎 +
√

𝑏
=

√𝑎 −
√

𝑏
𝑎 − 𝑏 for 𝑎 ≠ 𝑏.

• So ∑𝑛
𝑘=1

1√
𝑘 +

√
𝑘 + 1

= √𝑛 + 1 − 1, a telescoping sum.

• If 𝑎 + 𝑏
√

2 = 𝑐 + 𝑑
√

2 with 𝑎, 𝑏, 𝑐, 𝑑 rational, then 𝑎 = 𝑐 and 𝑏 = 𝑑, because
√

2 is irrational.

7 + 4
√

3 = 7 + 2
√

12, and 4 + 3 = 7, 4 ⋅ 3 = 12, so √7 + 4
√

3 = 2 +
√

3.

A·0505
TELESCOPING

1
2

1
6

1
12

1
6 left

0 1

1/(𝑘(𝑘 + 1)) = 1/𝑘 − 1/(𝑘 + 1): five pieces fill 1 − 1/6

K E Y

𝑛
∑
𝑘=1

(𝑓(𝑘) − 𝑓(𝑘 + 1)) = 𝑓(1) − 𝑓(𝑛 + 1)

• 1
𝑘(𝑘 + 1) = 1

𝑘 − 1
𝑘 + 1 , and

1
𝑘(𝑘 + 1)(𝑘 + 2) = 1

2( 1
𝑘(𝑘 + 1) − 1

(𝑘 + 1)(𝑘 + 2)).

• 𝑘 ⋅ 𝑘! = (𝑘 + 1)! − 𝑘!.

• Products telescope too: ∏𝑛
𝑘=2(1 − 1

𝑘2 ) = ∏ (𝑘 − 1)(𝑘 + 1)
𝑘 ⋅ 𝑘 = 𝑛 + 1

2𝑛 .

∑99
𝑘=1

1
𝑘(𝑘 + 1) = 1 − 1

100 = 99
100 .

A·0606
FLOORAND FRACTIONAL PART

𝑥

𝑦
𝑦 = 𝑥

𝑦 = ⌊𝑥⌋

⌊𝑥⌋ ≤ 𝑥 < ⌊𝑥⌋ + 1; write 𝑥 = 𝑛 + 𝑓 with 0 ≤ 𝑓 < 1

K E Y

𝑥 = ⌊𝑥⌋ + {𝑥}, 0 ≤ {𝑥} < 1

• ⌊𝑥 + 𝑛⌋ = ⌊𝑥⌋ + 𝑛 for every integer 𝑛, and ⌊𝑥⌋ + ⌊𝑦⌋ ≤ ⌊𝑥 + 𝑦⌋ ≤ ⌊𝑥⌋ + ⌊𝑦⌋ + 1.
• ⌊−𝑥⌋ = −⌊𝑥⌋ − 1 when 𝑥 is not an integer.
• Hermite: ∑𝑛−1

𝑘=0⌊𝑥 + 𝑘
𝑛⌋ = ⌊𝑛𝑥⌋ for every positive integer 𝑛.

• To solve: write 𝑥 = 𝑛 + 𝑓 with 𝑛 an integer and 0 ≤ 𝑓 < 1, and turn the equation into conditions on 𝑛
and 𝑓 .

𝑥 + ⌊𝑥⌋ = 8.4: 2𝑛 + 𝑓 = 8.4 with 0 ≤ 𝑓 < 1 forces 𝑛 = 4, 𝑓 = 0.4, so 𝑥 = 4.4.

A·0707
ABSOLUTE VALUE

𝑥

𝑦

1 2 5

least value 4 at the median

|𝑥 − 1| + |𝑥 − 2| + |𝑥 − 5| is piece-

wise linear, least at the middle point

K E Y

|𝑎 + 𝑏| ≤ |𝑎| + |𝑏|, ∣|𝑎| − |𝑏|∣ ≤ |𝑎 − 𝑏|

• Equality in |𝑎 + 𝑏| ≤ |𝑎| + |𝑏| holds exactly when 𝑎𝑏 ≥ 0.
• To solve an equation in absolute values, split the line at the zeros of the expressions inside.
• ∑ |𝑥 − 𝑎𝑖| is least at a median of the 𝑎𝑖; for an even number of points, anywhere between the two
middle ones.

A·0808
COMPARING LARGE NUMBERS

• Match the exponents: 2300 = 8100 < 9100 = 3200.
• Insert a convenient middle term: 3111 < 3211 = 255 < 256 = 1614 < 1714.
• For 𝑛 ≥ 3, 𝑛𝑛+1 > (𝑛 + 1)𝑛; so 99100 > 10099.
• Compare a ratio with 1 when the two numbers are close.

Never compare by estimating digits alone. The safe method is a chain of inequalities that are each
obvious, as in the second example.

B POLYNOMIALS 09–17

B·0909
REMAINDER AND FACTOR THEOREMS

𝑥

𝑦

𝑎 𝑏

𝑅(𝑥) = 𝑟𝑥 + 𝑠

𝑃(𝑥)
the remainder on division by (𝑥 − 𝑎)(𝑥 − 𝑏)

is the line through (𝑎, 𝑃(𝑎)) and (𝑏, 𝑃(𝑏))

K E Y

𝑃(𝑥) = 𝐷(𝑥) 𝑄(𝑥) + 𝑅(𝑥), deg𝑅 < deg𝐷

• The remainder on division by 𝑥 − 𝑎 is 𝑃(𝑎), so 𝑥 − 𝑎 is a factor exactly when 𝑃(𝑎) = 0.
• On division by (𝑥 − 𝑎)(𝑥 − 𝑏) with 𝑎 ≠ 𝑏, the remainder has degree at most 1, say 𝑟𝑥 + 𝑠, fixed by 𝑃(𝑎)
and 𝑃(𝑏).

𝑃(1) = 3 and 𝑃(2) = 5: the remainder on division by (𝑥 − 1)(𝑥 − 2) is 2𝑥 + 1.

B·1010
VIETA'S FORMULAS

If 𝑎𝑛𝑥𝑛 + ⋯ + 𝑎1𝑥 + 𝑎0 has roots 𝛼1, … , 𝛼𝑛, the 𝑘th elementary symmetric sum 𝑒𝑘 of the roots is

K E Y

𝑒𝑘 = (−1)𝑘 𝑎𝑛−𝑘
𝑎𝑛

• Quadratic 𝑎𝑥2 + 𝑏𝑥 + 𝑐: 𝛼 + 𝛽 = − 𝑏
𝑎 , 𝛼𝛽 = 𝑐

𝑎 .
• Cubic 𝑎𝑥3 + 𝑏𝑥2 + 𝑐𝑥 + 𝑑: ∑ 𝛼 = − 𝑏

𝑎 , ∑ 𝛼𝛽 = 𝑐
𝑎 , 𝛼𝛽𝛾 = − 𝑑

𝑎 .

𝑥3 − 6𝑥2 + 11𝑥 − 6 has roots 1, 2, 3: sum 6, pair sum 11, product 6.

Vieta answers symmetric questions without finding the roots. Any symmetric expression in the
roots is a polynomial in the 𝑒𝑘, and so in the coefficients.

B·1111
POWER SUMSANDNEWTON'S IDENTITIES

With 𝑝𝑘 = ∑ 𝛼𝑘
𝑖 ,

K E Y

𝑝1 = 𝑒1, 𝑝2 = 𝑒1𝑝1 − 2𝑒2

𝑝3 = 𝑒1𝑝2 − 𝑒2𝑝1 + 3𝑒3

• For the roots of 𝑥2 − 𝑠𝑥 + 𝑞, 𝑝𝑘 = 𝑠 𝑝𝑘−1 − 𝑞 𝑝𝑘−2 for 𝑘 ≥ 2, with 𝑝0 = 2.
• ∑ 1

𝛼𝑖
= 𝑒𝑛−1

𝑒𝑛
when no root is zero.

Roots of 𝑥3 − 𝑥 − 1: 𝑒1 = 0, 𝑒2 = −1, 𝑒3 = 1, so 𝑝2 = 2 and 𝑝3 = 3; check: each root has 𝛼3 = 𝛼 + 1, so
𝑝3 = 𝑝1 + 3 = 3.

B·1212
ROOTSANDGRAPHS

𝑥

𝑦

𝛼 𝛽 𝛾

three distinct real roots exactly when the local max-

imum is above the axis and the local minimum below it

• Real roots are where the graph meets the 𝑥 axis. If a polynomial takes opposite signs at 𝑎 and 𝑏, it
has a root between them.

• A real polynomial of odd degree has at least one real root, and its non real roots come in conjugate
pairs.

• A polynomial of degree 𝑛 ≥ 1 has exactly 𝑛 complex roots counted with multiplicity, so at most 𝑛
real ones.

• At a root of evenmultiplicity the graph touches the axis without crossing it; at a root of oddmultiplicity
it crosses.

• Descartes: the number of positive roots, counted with multiplicity, is at most the number of sign
changes in the sequence of non zero coefficients, and differs from it by an even number.

B·1313
INTEGER AND RATIONAL ROOTS

• Rational root theorem: if 𝑝/𝑞 in lowest terms is a root of a polynomial with integer coefficients, then
𝑝 ∣ 𝑎0 and 𝑞 ∣ 𝑎𝑛.

• For a monic integer polynomial, every rational root is an integer dividing 𝑎0.

K E Y

𝑎 − 𝑏 ∣ 𝑃 (𝑎) − 𝑃(𝑏) (integer coefficients and 𝑎, 𝑏)

• If 𝑃(0) and 𝑃(1) are both odd, 𝑃 has no integer root, since 𝑃(𝑛) always has the parity of 𝑃(0) or 𝑃(1).

2𝑥3 − 3𝑥2 − 3𝑥 + 2: test ±1, ±2, ±1
2 ; the roots are 2, −1 and 1

2 .

B·1414
COMPARING POLYNOMIALS

K E Y

deg𝑃(𝑄(𝑥)) = deg𝑃 ⋅ deg𝑄
deg𝑃𝑄 = deg𝑃 + deg𝑄

(𝑃 , 𝑄 ≠ 0)

• For the first formula 𝑄 must also be non constant. Two polynomials of degree at most 𝑛 that agree
at 𝑛 + 1 points are identical.

• Compare degrees first, then leading coefficients, then the rest.
• Special values, 𝑥 = 0, ±1 or known roots, give linear equations in the coefficients.

IOQM 2026, Q11 𝑃(𝑥2) = 𝑃(𝑃(𝑥)) with deg𝑃 = 𝑛 ≥ 1 gives 2𝑛 = 𝑛2, so 𝑛 = 2; comparing coefficients
leaves 𝑃(𝑥) = 𝑥2 and 𝑃(𝑥) = −𝑥2, two polynomials.

B·1515
INTERPOLATIONAND FINITE DIFFERENCES

• Through 𝑛 + 1 points with distinct 𝑥 values there is exactly one polynomial of degree at most 𝑛.
• Build a helper with known roots. If deg𝑃 = 𝑛− 1 and 𝑃(𝑘) = 1

𝑘 for 𝑘 = 1, … , 𝑛, then 𝑄(𝑥) = 𝑥𝑃(𝑥)− 1
vanishes at 1, … , 𝑛, so 𝑄(𝑥) = 𝑐(𝑥 − 1) ⋯ (𝑥 − 𝑛), and 𝑄(0) = −1 fixes 𝑐.

• The 𝑛th difference of a polynomial of degree 𝑛 is constant:

K E Y

Δ𝑛𝑃 = 𝑛! 𝑎𝑛

A cubic with 𝑃(1), … , 𝑃 (4) = 1, 2, 4, 8: differences 1, 2, 4, then 1, 2, then 1. Keeping the third difference at
1 gives 𝑃(5) = 15.

B·1616
QUADRATICS

𝑥

𝑦

𝛼 𝛽

+

−

+

vertex 𝑥 = − 𝑏
2𝑎

𝑎 > 0: negative exactly between

the roots, least at the vertex

K E Y

𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 𝑎(𝑥 + 𝑏
2𝑎)

2
− 𝑏2 − 4𝑎𝑐

4𝑎

• With 𝐷 = 𝑏2 − 4𝑎𝑐: two real roots for 𝐷 > 0, a double root for 𝐷 = 0, none for 𝐷 < 0. With integer
coefficients, the roots are rational exactly when 𝐷 is a perfect square.

• For 𝑎 > 0 the least value is − 𝐷
4𝑎 , at 𝑥 = − 𝑏

2𝑎 .

• Both roots exceed 𝑘 exactly when 𝐷 ≥ 0, 𝑎 𝑓(𝑘) > 0 and − 𝑏
2𝑎 > 𝑘.

B·1717
COMPLEXNUMBERS AND ROOTSOF UNITY

Re

Im

1

𝜔

𝜔2

𝜔3 = 1

1 + 𝜔 + 𝜔2 = 0

𝜔 = −1 + 𝑖
√

3
2

K E Y

𝑥𝑛 − 1 =
𝑛−1
∏
𝑘=0

(𝑥 − 𝜔𝑘), 𝜔 = cos 2𝜋
𝑛 + 𝑖 sin 2𝜋

𝑛

• For 𝑛 ≥ 2 the 𝑛th roots of unity add to 0.
• For cube roots: 𝜔3 = 1, 1 + 𝜔 + 𝜔2 = 0, 𝜔 = 𝜔2, and 𝑥2 + 𝑥 + 1 = (𝑥 − 𝜔)(𝑥 − 𝜔2).
• Roots of unity filter: ∑3∣𝑘 (𝑛

𝑘) = 1
3(2𝑛 + (1 + 𝜔)𝑛 + (1 + 𝜔2)𝑛) = 1

3(2𝑛 + 2cos 𝑛𝜋
3 ).

C EQUATIONS & SYSTEMS 18–23

C·1818
SYMMETRIC ANDCYCLIC SYSTEMS

• Subtract two equations to pull out a factor such as 𝑥 − 𝑦; then split into 𝑥 = 𝑦 or the other factor = 0.
• Add all the equations, or multiply them, when the system is cyclic.
• For a symmetric system in two unknowns, pass to 𝑠 = 𝑥 + 𝑦 and 𝑝 = 𝑥𝑦.

IOQM 2026, Q21 subtracting gives (𝑥−𝑧)(𝑥+𝑧−1−𝑦) = 0 and its cyclic copies. All distinct is impossible;
all equal gives 𝑡 = 0 or −1; exactly two equal gives 𝑥 = 𝑦 = ±𝑖, 𝑧 = 1 and its cyclic copies. The values
are 0, 8, 4, total 12.

A case split must be exhaustive. For three unknowns that means all equal, exactly two equal, and
all distinct; missing one case loses solutions, as the complex ones in Q21 show.

C·1919
SUBSTITUTIONS

K E Y

𝑥2 + 1
𝑥2 = 𝑡2 − 2, 𝑥3 + 1

𝑥3 = 𝑡3 − 3𝑡

• Here 𝑡 = 𝑥 + 1
𝑥 . Reciprocal equations of even degree 𝑛, whose coefficients read the same both

ways: divide by 𝑥𝑛/2 and set 𝑡 = 𝑥 + 1
𝑥 . One of odd degree has the factor 𝑥 + 1; remove it first.

• Repeated blocks: set 𝑢 equal to the repeated expression, as 𝑢 = 𝑥2 + 5𝑥 in section 2.
• Homogeneous equations in 𝑥, 𝑦: divide by a power of 𝑦 and set 𝑡 = 𝑥/𝑦.

𝑥4 − 3𝑥3 + 4𝑥2 − 3𝑥 + 1 = 0: dividing by 𝑥2 gives 𝑡2 − 3𝑡 + 2 = 0, so 𝑡 = 1 or 2. Only 𝑡 = 2 gives real 𝑥,
namely 𝑥 = 1, a double root.

C·2020
INTEGER OPTIMISATIONAND PARITY

K E Y

𝑥2 ≡ 𝑥 (mod 2) ⟹ ∑ 𝑥2
𝑖 ≡ ∑ 𝑥𝑖 (mod 2)

• A non zero integer has square at least 1, and no integer square equals 2, 3, 5, 6, 7 or 8.
• For integers with a fixed sum, ∑ 𝑥2

𝑖 is least when they are as equal as possible, differing by at most
1.

IOQM 2026, Q3 49 non zero integers with sum 0 have ∑ 𝑥2
𝑖 ≥ 49 and even, so at least 50. Fifty would

need one square equal to 2, so the minimum is 52, reached by 23 ones, 25 minus ones and one 2.

C·2121
FUNCTIONAL EQUATIONS FIRSTMOVES

• Substitute 𝑥 = 0, 𝑦 = 0, 𝑦 = 𝑥, 𝑦 = −𝑥, 𝑦 = 1 to get values of 𝑓 and relations.
• Prove 𝑓 is one to one or onto, then use it to cancel or to reach every value.
• Cauchy: 𝑓(𝑥 + 𝑦) = 𝑓(𝑥) + 𝑓(𝑦) gives 𝑓(𝑞) = 𝑞 𝑓(1) for every rational 𝑞; with continuity, monotonicity
or boundedness on an interval, 𝑓(𝑥) = 𝑐𝑥 for all reals.

K E Y

𝑓(𝑥) + 2𝑓( 1
𝑥) = 3𝑥

𝑥→1/𝑥
−−−−−→ 𝑓( 1

𝑥) + 2𝑓(𝑥) = 3
𝑥

Solving the pair above as two linear equations gives 𝑓(𝑥) = 2
𝑥 − 𝑥 for 𝑥 ≠ 0, which does satisfy the

original.

Always verify the answer in the original equation. Substitutions produce necessary conditions
only; a function found this way still has to be checked.

C·2222
POLYNOMIAL FUNCTIONAL EQUATIONS

• Compare degrees, then leading coefficients, then the remaining coefficients, as in IOQM 2026, Q11.
• The roots of 𝑃(𝑥) − 𝑥 are the fixed points of 𝑃 .
• If 𝑃(𝑥 + 1) − 𝑃(𝑥) is known, 𝑃 is fixed up to an added constant.

𝑃(𝑥)2 = 𝑃(𝑥2): the leading coefficient 𝑎 has 𝑎2 = 𝑎, so 𝑎 = 1; the non constant real solutions are exactly
𝑃(𝑥) = 𝑥𝑛.

C·2323
RADICALS AND EXTRANEOUS ROOTS

• State the domain first: expressions under even roots are non negative, denominators are non zero.
• Squaring both sides can create roots that do not solve the original; test every candidate.

K E Y

√
𝐴 = 𝐵 ⟺ 𝐴 = 𝐵2 and 𝐵 ≥ 0

√𝑥 + 5 = 𝑥 − 1: squaring gives 𝑥2 − 3𝑥 − 4 = 0, so 𝑥 = 4 or −1; the condition 𝑥 − 1 ≥ 0 rejects −1, leaving
𝑥 = 4.

D SEQUENCES & INEQUALITIES 24–33

D·2424
PROGRESSIONS

𝑎1 + 𝑎𝑛 in every row

𝑛 rows

the AP 1, 2, … , 6 and its reverse fill 6

rows of length 7: 2𝑆𝑛 = 𝑛(𝑎1 + 𝑎𝑛)

K E Y

𝑆𝑛 = 𝑛
2 (𝑎1 + 𝑎𝑛), 𝑆𝑛 = 𝑎 𝑟𝑛 − 1

𝑟 − 1 (𝑟 ≠ 1)

• An infinite GP with |𝑟| < 1 sums to 𝑎
1 − 𝑟 .

• 𝑎, 𝑏, 𝑐 are in AP when 2𝑏 = 𝑎 + 𝑐, in GP when 𝑏2 = 𝑎𝑐 with 𝑎, 𝑏, 𝑐 non zero, in HP when 2
𝑏 = 1

𝑎 + 1
𝑐 .

• Arithmetico geometric: multiply the sum by 𝑟 and subtract, leaving a plain GP.

∑𝑘≥1
𝑘
2𝑘 = 2.

D·2525
SUMSOF POWERS

1 + 2 + ⋯ + 5

twice fills

a 5 × 6 grid

1 + 2 + ⋯ + 𝑛 = 𝑛(𝑛 + 1)/2

K E Y

∑ 𝑘 = 𝑛(𝑛 + 1)
2 , ∑ 𝑘2 = 𝑛(𝑛 + 1)(2𝑛 + 1)

6
∑ 𝑘3 = (𝑛(𝑛 + 1)

2 )
2

• ∑𝑛
𝑘=1 𝑘(𝑘 + 1) ⋯ (𝑘 + 𝑟 − 1) = 𝑛(𝑛 + 1) ⋯ (𝑛 + 𝑟)

𝑟 + 1 , a telescoping sum.

• The first 𝑛 odd numbers add to 𝑛2, and ∑𝑛
𝑘=1 𝑘 ⋅ 𝑘! = (𝑛 + 1)! − 1.

D·2626
RECURRENCES AND PERIODICITY

𝑛

𝑎𝑛

1 2 3 4 5 6 7 8 9 10 11 12

IOQM 2026, Q16: 𝑎𝑛+4 = 𝑎𝑛, so 1, 2, 6, 3 repeats

• Compute the first few terms: many olympiad sequences repeat.

• 𝑥𝑛+1 = 1
1 − 𝑥𝑛

has period 3 when 𝑥1 ≠ 0, 1: 𝑥 ↦ 1
1 − 𝑥 ↦ 𝑥 − 1

𝑥 ↦ 𝑥.

• 𝑥𝑛+1 = 1 + 𝑥𝑛
1 − 𝑥𝑛

has period 4 when 𝑥1 ≠ 0, ±1, and 𝑎𝑛+1 = 𝑎𝑛 − 𝑎𝑛−1 has period 6.

IOQM 2026, Q16 cross multiplying gives 𝑎𝑛+3𝑎𝑛+1 = 𝑎𝑛+2𝑎𝑛, so 𝑎𝑛+4𝑎𝑛+2 = 𝑎𝑛+2𝑎𝑛 and, the terms being
non zero, 𝑎𝑛+4 = 𝑎𝑛. The block 1, 2, 6, 3 gives 𝑁 = 506 ⋅ 50 + 5 = 25305, digit sum 15.

Cancelling a term needs it to be non zero. State it; in Q16 it follows because the given ratios have
non zero denominators and the known terms are non zero.

D·2727
LINEAR RECURRENCES AND FIBONACCI

• 𝑎𝑛 = 𝑝 𝑎𝑛−1 + 𝑞 𝑎𝑛−2 is solved through the roots of 𝑥2 = 𝑝𝑥 + 𝑞, as on the IOQM Combinatorics sheet.

• Binet: 𝐹𝑛 = 𝜑𝑛 − 𝜓𝑛
√

5 with 𝜑 = 1 +
√

5
2 , 𝜓 = 1 −

√
5

2 .

K E Y

𝐹𝑛+1𝐹𝑛−1 − 𝐹 2
𝑛 = (−1)𝑛

• 𝐹1 + ⋯ + 𝐹𝑛 = 𝐹𝑛+2 − 1 and 𝐹 2
1 + ⋯ + 𝐹 2

𝑛 = 𝐹𝑛𝐹𝑛+1.
• If 𝑥2 = 𝑥 + 1 then 𝑥𝑛 = 𝐹𝑛𝑥 + 𝐹𝑛−1 for 𝑛 ≥ 1, with 𝐹0 = 0.

D·2828
AMANDGM

𝑎 𝑏

√
𝑎𝑏 ; 𝑎+𝑏

2

the half chord never exceeds the ra-

dius:
√

𝑎𝑏 ≤ 𝑎+𝑏
2 , equal only when 𝑎 = 𝑏

K E Y

𝑎1 + ⋯ + 𝑎𝑛
𝑛 ≥ 𝑛√𝑎1𝑎2 ⋯ 𝑎𝑛 (𝑎𝑖 ≥ 0)

• Equality holds exactly when all the 𝑎𝑖 are equal.
• With the sum fixed, the product is largest when the terms are equal; with the product fixed, the sum
is smallest then.

• Split terms so the product is constant: for 𝑥 > 0, 𝑥2 + 2
𝑥 = 𝑥2 + 1

𝑥 + 1
𝑥 ≥ 3, with equality at 𝑥 = 1.

For 𝑥 > 0, 𝑥 + 4
𝑥 ≥ 2

√
4 = 4, with equality at 𝑥 = 2.

D·2929
THE CHAIN OFMEANS

𝑎 = 1

HM 1.6

GM 2

AM 2.5

QM 2.92

𝑏 = 4

always HM ≤ GM ≤ AM ≤ QM for pos-

itive numbers, equal only when they agree

K E Y

𝑛
∑ 1

𝑎𝑖

≤ 𝑛√∏ 𝑎𝑖 ≤ ∑ 𝑎𝑖
𝑛 ≤ √∑ 𝑎2

𝑖
𝑛 (𝑎𝑖 > 0)

• Every inequality in the chain becomes an equality exactly when all the 𝑎𝑖 are equal.

• (𝑎 + 𝑏 + 𝑐)(1
𝑎 + 1

𝑏 + 1
𝑐 ) ≥ 9 and 𝑎2 + 𝑏2 + 𝑐2 ≥ (𝑎 + 𝑏 + 𝑐)2

3 are the first two consequences.

D·3030
CAUCHYAND SCHWARZ, AND TITU

𝜃
;u = (𝑎1, … , 𝑎𝑛)

v = (𝑏1, … , 𝑏𝑛)

∑ 𝑎𝑖𝑏𝑖 = |u||v|cos 𝜃 ≤ |u||v|, equal

when v is a non negative multiple of u

K E Y

(𝑎1𝑏1 + ⋯ + 𝑎𝑛𝑏𝑛)2 ≤ (𝑎2
1 + ⋯ + 𝑎2

𝑛)(𝑏2
1 + ⋯ + 𝑏2

𝑛)

• Equality holds exactly when (𝑎𝑖) and (𝑏𝑖) are proportional.

• Titu: 𝑥2
1

𝑦1
+ ⋯ + 𝑥2

𝑛
𝑦𝑛

≥ (𝑥1 + ⋯ + 𝑥𝑛)2

𝑦1 + ⋯ + 𝑦𝑛
for 𝑦𝑖 > 0.

On 𝑥2 + 𝑦2 = 1, (3𝑥 + 4𝑦)2 ≤ (9 + 16)(𝑥2 + 𝑦2) = 25, so the largest value of 3𝑥 + 4𝑦 is 5, at (𝑥, 𝑦) = (3
5 , 4

5).

D·3131
OTHER STANDARD INEQUALITIES

K E Y

𝑎2 + 𝑏2 + 𝑐2 ≥ 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎

• It is the sum 1
2 [(𝑎 − 𝑏)2 + (𝑏 − 𝑐)2 + (𝑐 − 𝑎)2] ≥ 0; many inequalities reduce to a sum of squares.

• Bernoulli: (1 + 𝑥)𝑛 ≥ 1 + 𝑛𝑥 for 𝑥 ≥ −1 and every integer 𝑛 ≥ 1.
• Chebyshev: for similarly ordered 𝑎𝑖 and 𝑏𝑖, 𝑛 ∑ 𝑎𝑖𝑏𝑖 ≥ (∑ 𝑎𝑖)(∑ 𝑏𝑖).

• Nesbitt: 𝑎
𝑏 + 𝑐 + 𝑏

𝑐 + 𝑎 + 𝑐
𝑎 + 𝑏 ≥ 3

2 for positive 𝑎, 𝑏, 𝑐.

D·3232
METHODS FOR AMAXIMUMORMINIMUM

K E Y

min
𝑥

(𝑎𝑥2 + 𝑏𝑥 + 𝑐) = 𝑐 − 𝑏2

4𝑎 (𝑎 > 0)

• Complete the square in one variable, or in each of two separately.
• Use the constraint to remove a variable, then finish with a square or AM and GM.
• Plan the equality case before splitting terms for AM and GM; the split must allow all parts to be equal
at once.

𝑥2 + 𝑦2 − 4𝑥 + 6𝑦 = (𝑥 − 2)2 + (𝑦 + 3)2 − 13 ≥ −13, least at (2, −3).

D·3333
PROVINGAN INEQUALITY UNDER ACONDITION

i. Find the equality case first by trying equal values; the bound to prove is usually attained there.

ii. Homogenise: use the condition to give both sides the same degree.

iii. For symmetric problems, test the boundary cases too: one variable at its limit, or two equal.

iv. Choose the tool whose equality case matches the one found in step 1.

𝑎, 𝑏, 𝑐 > 0 with 𝑎𝑏𝑐 = 1: 𝑎 + 𝑏 + 𝑐 ≥ 3 3√𝑎𝑏𝑐 = 3, with equality at 𝑎 = 𝑏 = 𝑐 = 1.

Aboundwhose equality case cannot happen is not an answer. When asked for a minimum, exhibit
the values that reach it.

E METHOD & TRAPS 34–38

E·3434
WHICH TOOL THE QUESTIONWANTS

What does the question give you?

a polynomial

degree, Vieta,
remainder theorem,

interpolation

a system or

an equation

subtract, factor,
symmetric 𝑠, 𝑝,

substitute

a sequence

find the period
or recurrence;

telescope

a maximum

or minimum

AM and GM,
Cauchy, squares;

check equality

• A polynomial: degree and leading coefficient first, then Vieta, the remainder theorem, or a helper
polynomial with known roots.

• A system: subtract, factor, and split into exhaustive cases.
• A sequence: compute terms until a period or a pattern shows, then prove it.
• An extremum: AM and GM, Cauchy and Schwarz, or a sum of squares, always with the equality
case checked.

E·3535
RESULTSWORTHCARRYING

i. 𝑎 + 𝑏 + 𝑐 = 0 ⇒ 𝑎3 + 𝑏3 + 𝑐3 = 3𝑎𝑏𝑐.
ii. 𝑥4 + 4𝑦4 = (𝑥2 + 2𝑦2 + 2𝑥𝑦)(𝑥2 + 2𝑦2 − 2𝑥𝑦).

iii. 𝑥𝑛 − 𝑦𝑛 is divisible by 𝑥 − 𝑦; for odd 𝑛, 𝑥𝑛 + 𝑦𝑛 is divisible by 𝑥 + 𝑦.
iv. 𝑛(𝑛 + 1)(𝑛 + 2)(𝑛 + 3) + 1 = (𝑛2 + 3𝑛 + 1)2.

v. ∑𝑛
𝑘=1

1
𝑘(𝑘 + 1) = 𝑛

𝑛 + 1 .

vi. 𝑥 + 1
𝑥 ≥ 2 for 𝑥 > 0, with equality only at 𝑥 = 1.

vii. (𝑎 + 𝑏)(1
𝑎 + 1

𝑏 ) ≥ 4 for 𝑎, 𝑏 > 0.
viii. 1 + 𝜔 + 𝜔2 = 0 and 𝜔3 = 1.

E·3636
HOW IOQM2026 USED THIS SHEET

Q ASKED FOR TOOL, SECTION

3 least ∑ 𝑥2
𝑖 parity and a bound, 20

11 polynomials with 𝑃(𝑥2) = 𝑃(𝑃(𝑥)) degree comparison, 14 and 22

16 a sum of squares of a sequence periodicity, 26

21 a complex system subtract and split, 18

Four of the thirty questions were algebra, the smallest share, yet each needed a full argument: a
bound with an example, a degree count, a period, and an exhaustive case split.

E·3737
TRAPS

i. Squaring both sides creates extra roots; check every candidate.

ii. AM and GM need non negative terms.

iii. A minimum needs an attained equality case, not only a bound.

iv. Cancelling a factor requires it to be non zero; dividing by 𝑥 − 𝑦 loses the case 𝑥 = 𝑦.
v. A case split must be exhaustive.

vi. ⌊−𝑥⌋ ≠ −⌊𝑥⌋ unless 𝑥 is an integer.
vii.

√
𝑥2 = |𝑥|, not 𝑥.

viii. A solution of a functional equation must be checked in the original equation.

E·3838
WHERE THIS SHEET ENDS

• This completes the IOQM series with the Number Theory, Combinatorics and Geometry sheets.
• Divisibility of polynomial values and remainders belong on IOQM Number Theory; recurrences as
counts on IOQM Combinatorics; trigonometry in figures on IOQM Geometry.

• The JEE sheets Basic Algebra and Logarithms, Quadratic Equations, Sequence and Series and
Complex Numbers set out the school theory this sheet builds on.

Olympiad algebra is mostly manipulation with a purpose. Before expanding anything, ask what
form the answer should take, a factor, a square or a constant, and steer every step towards it.
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