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Preface

IOQM is the first stage of the Indian mathematical olympiad programme, and for most students
it is the first paper in which a formula is not enough. The questions are short and every answer
is a whole number from 00 to 99, but almost every question needs an idea. This handbook is

written to build those ideas, one chapter at a time.

The handbook follows the paper. It has four parts, one each for number theory, combinatorics,
geometry and algebra, and every part is tied to the IOQM 2026 paper, so that you can see where
each idea was actually tested. This volume is Part IV, Algebra. Only four questions of IOQM
2026 were algebra questions, but algebra is used inside many questions of the other three parts:

an identity, a sum, a bound.

Everything here stays within school mathematics. Nothing needs more than the algebra of
Classes 10 to 12, together with a short introduction to complex numbers in Chapter 2, and every
result that is used is either proved in the text or stated with its conditions. The examples and
exercises come from the IOQM 2026 paper, from olympiads of many countries, and from our
own classes. Every solution has been written afresh, in the way we teach it, and every answer

has been checked by computer.

This book is meant to be worked through, not only read. Keep a notebook beside it, attempt
every example before you read its solution, and come back later to the questions you could not
do.

If something is not clear, if you find a mistake, or if you have a suggestion, write to me at
ritesh@iitianforum.com or to our academic team at academics@iitianforum.com. Your message
will help every student who uses this book after you.

Ritesh Raj

Founder, lITian Forum - lIT Delhi

iitianforum.com REAL STUDY, GENUINE RESULTS B)
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How to use this handbook

This page is for you, the student. Part IV has five chapters, in the order in which they are taught.
Chapter 1 covers identities and algebraic manipulation. Chapter 2 covers polynomials, and
Chapter 3 equations, systems and functional equations. Chapter 4 is about sequences and sums.
Chapter 5 covers inequalities, shows how to choose the right method, and ends with a mixed
problem set. The answers to all exercises, each with a one-line hint, are at the end of the part.
This part can be read on its own; only one example uses ¢(n) from Part L.

HOW TO STUDY A CHAPTER

01  Read the theory slowly, once. Write out each short proof in your own notebook; that is how a
result becomes yours.
02 Before reading a worked example, cover its solution and try the question for five minutes. Then

read the solution and compare it with yours.

03  Learn the gold cards by heart. They hold the definitions, theorems and key ideas that the paper
uses again and again.

04  Read the dark cards twice. Each one marks a point where students often lose marks.
05 Attempt every exercise before you look at the answers. Read the one-line hint only when you
are stuck, then finish the question yourself.

06 Keep a list of the questions you got wrong, and try them again a week later without looking at

the solution.

Questions from IOQM 2026 are marked with their question number, and questions from
other olympiads with their source. Stuck on a question, or found a mistake? Write to
ritesh@iitianforum.com or academics@iitianforum.com.

IITianForum - Real study, genuine results

The course behind this handbook

Modules, assignments and solutions, live classes and
mentorship for JEE and the mathematics olympiads.

Open iitianforum.com —

iitianforum.com REAL STUDY, GENUINE RESULTS 4
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Notation and conventions

Each symbol is defined, or first used, in the section shown.

SYMBOL MEANING

SECTION

s, p, tn x+y, xy and x" +y", for two numbers x, y 1.3
deg P the degree of the polynomial P 2.1
Yo, Yap the sum of the roots; the sum of their products in pairs 2.2
e, Pk the sum of the products of the roots k at a time; the sum of their kth powers 2.3
i, z, |z| i2 = —1; the conjugate p — gi and the absolute value \/p? + g2 of z = p +qi 2.8
w a cube root of unity, cos 27” +1isin 27” 2.8
(1) Laj n!/ (k! (n —k)!); a sum over the k divisible by 3 2.8
D b? — 4ac, the discriminant of ax? + bx + ¢ 3.2
| x| the absolute value of a real number: x if x > 0,and —xif x < 0 3.4
|x], {x} the greatest integer < x; the fractional part x — | x| 35
R, x — g(x) the set of real numbers; the map that sends x to g(x) 3.7
an, Su the nth term of a sequence; the sum of its first # terms 4.1
d, r the common difference of an AP; the common ratio of a GP 4.1
¢(n) the number of integers in 1,2, ..., n coprime to n (Part I, 3.6) 4.1
F, Fibonacci numbers: F; = F, =1, F,40 = F;41 + Fy 45
Va, a the non-negative square root and nth root of a > 0; so v/x2 = |x| 5.2
AM, GM, HM, QM the arithmetic, geometric, harmonic and quadratic means 5.3
=, “implies”; “exactly when” (if and only if)
CONVENTIONS things: a bound, and values at which the bound is

(i) Numbers. Letters stand for real numbers unless
stated otherwise. Positive means greater than 0;
non-negative means > 0.

(ii) Polynomials. Coefficients are real unless stated.
The roots of a polynomial of degree n are its 1 com-
plex roots, counted with multiplicity, as in Vieta’s
formulas.

(iii) Least and largest values. A least value needs two

reached.

(iv) “Find all”. A complete answer gives every solution
and also shows that there are no others.

(v) Numbering. 3.5 is section 5 of Chapter 3. Examples
are numbered in the same way, and Exercise 2.5 is
question 5 of Exercises 2.

i) Sources. “(IOQM 2026, Q21)” is question 21 of the
I0QM 2026 paper. The name of another olympiad,
as in “(RMO 2014)”, gives the source of that ques-
tion.

iitianforum.com
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casrter 01 IDENTITIES AND MANIPULATION

Most olympiad algebra is manipulation with a pur-
pose: an expression is rewritten until it becomes a
product, a square or a constant. This chapter collects
the identities that make such rewriting quick, the stan-
dard ways of factorising, the use of x + y and xy for
symmetric expressions, surds, the fact that a sum of
squares is zero only when every square is zero, and the
comparison of large powers. Every later chapter uses
them.

1.1 STANDARD IDENTITIES

Learn these by heart:

@ (a+b)?=0a?+2ab+b%, a>—b* = (a—Db)(a+Db).

a1 (a+b)® = a®+3a%b + 3ab? + 1°.

Gin) a® £ b3 = (a£b)(a® Fab+b?).

v (a+b+c)? =a?+b*+c%+2(ab+ bc+ ca).

wa*—b"=(@a-b)@ 1 +a" 2+ --+b"1),and
forodd n, a" +b" = (a+b)(a" ' —a" b+ -+
b"fl)

THEOREM - SUM OF THREE CUBES

a® + b3 + 3 — 3abc
= (a+b+c)(a® +b*+c* —ab—bc — ca),

where the second factor is

> +b*>+c*—ab—bc—ca
:%[(afb)2+(bfc)2+(cfu)2].

Two consequences are used again and again.

(i) fa+b+c=0,thena® + b3+ 3 = 3abc. For exam-
ple,x —y,y—z,z—xadd to0,s0 (x —y)3 + (y —
2+ (z—x)° =3(x —y)(y - 2)(z — x).

(11) For real a,b,c: a3 + b3 + ¢® = 3abc exactly when
a+b+c=0o0ra=">b = c, because the second
factor is zero only when all three squares are zero.

EXAMPLE 1.1

Distinct non-zero numbers a,b,c have a +b +c = 0.
Find the value below. (Australian-Polish 1985)

(bic+cfa+uib>(b;‘:+c;a+a:b>

Fora =1,b = 2,c = —3, the two brackets are

N

_ 27
+3=%,

Ull—
NI=
J

and their product is 9.

In general, on multiplying out, three products such

as 3~ - "=C are 1 each. They give 3.

The other six terms form three pairs. One pair is

b;C(cﬁaJraib)

Over the denominator (¢ — a)(a — b), the bracket has

numerator

b(a—b)+c(c—a)=(c—b)(b+c—a)

b+ ¢ = —a, so this numerator is 2a(b — ¢), and the
pair is
2(b—c)? 2(b—c)3
c-a)a-b) @-0)b-clc—a)

Similarly for the other two pairs (a — b — ¢ — a).
On adding all three,

2[(a =)+ (b—c)®+ (c—a)?
(a—b)(b—c)(c—a)

The bases add to 0, so the square bracket is 3(a —

b)(b—c)(c — a) (theorem on the sum of three cubes,
Section 1.1). Hence the six terms give 2 -3 = 6.

aswER 3+6=9

1.2 FACTORISATION METHODS

(i) Common factors and grouping: x> — x? — 4x +4 =
(x—1)—4(x—1) = (x — 1)(x — 2)(x + 2).

(i1) Add and subtract to make a square: x* + x? + 1 =
(P+1)2—x2=(2+x+1)(x2—x+1).

(iii) Sophie Germain:
a* +4b* = (a% + 2ab + 2b%) (a® — 2ab + 2b?).

(iv) Treat it as a quadratic in one letter. It factorises

iitianforum.com
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when its discriminant is a perfect square. For
x? — 3xy + 2y*> + x — y the discriminant in x is
(y — 1)2, which gives (x —y)(x — 2y + 1).

KEY IDEA - PAIR THE FACTORS

In a product of four linear factors, pair them so
that both quadratics have the same x? + kx:

(x+1)(x+4) (x+2)(x+3)+1
=(u+4)(u+6)+1=(u+5)?

with u = x% 4+ 5x. So
nn+1)(n+2)(n+3)+1= (n*+3n+1)>2

EXAMPLE 1.2

Find \/(31)(30)(29)(28) + 1. (AIME 1989)

For 1,2, 3,4, pairing the outer numbers and the inner

numbers,

1-4=4, 2.3=6, 4.-64+1=5

Here4 =5—1and 6 =5+ 1. In general,
(m—1)(m+1)+1=m?

Similarly here (key idea Pair the factors),

28 - 31 = 868, 29 -30 = 870

These are 869 — 1 and 869 + 1, so
868 - 870 + 1 = 869°

Check: n2 4+ 3n+1atn = 28is 784 + 84 + 1 = 869.
ANSWER 869

EXAMPLE 1.3

Non-zero integers a, b, c with a # c satisfy

g_a2+b2

c  c24b
Factorise a®> + b* 4 c>. (Romania 1999)

For example, a = 1, b = 2, ¢ = 4 satisfies the condi-
tion, as § = 3. Herea? + b2 +¢> =21 =7-3.

In general, on cross-multiplying,
a(? +b?) = c(a® + b?)

ac? —a*c—bc+ab* =0

ac(c—a) —b*(c—a) =0
(c—a)(ac—b*) =0

a # ¢, s0 b*> = ac. Using this twice,
2+t =a>+ac+c?

=(a+c)>—ac=(a+c)*—1?
This is a difference of two squares. In the example,
52 -22=7.3.
ANSWER (a+b+c)(a—b+c)

1.3 SYMMETRIC EXPRESSIONS IN TWO VARIABLES

A polynomial in x, y that does not change when x and
y are swapped can always be written in terms of

s=x+y, p = xy.

@ ¥*+y?=52—2p and 3+ =53 —3sp.

(1) (x —y)? = s2 — 4p, which gives x — y up to its sign.

(ii) With t, = x" +y": t, = st,_1 — pt,_p, starting
fromty =2, t; =s.

(iv) x,y are the roots of 22 —sz+4 p = 0, so they are real
exactly when g2 > 4p.

» The same works for x + L:puts = x+ 1, p = 1.

For instance, if x + y = 4 and xy = 1, then t, = 16 —
2=14,t3=64—12=52and t; = 4-52 — 14 = 194,
without finding x and y.

EXAMPLE 1.4

Real numbers a,b satisfy a* + a®b*> + b* = 900 and
a% + ab + b? = 45. Find 2ab. (Online Math Open
2012)

Putting 2 = 2, b = 1 in the first expression,
164+4+1=21=7-3

with 7 = 4?2 + ab + b? and 3 = a2 — ab + b2. This

suggests a factorisation.

In general, as a difference of two squares,
at + a®b? + bt = (a* + b*)? — a?b?
= (a® + ab+b*)(a® — ab + b?)
S0 900 = 45(a”? — ab + b?), and we have

a? 4+ ab + b* = 45

iitianforum.com
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22— ab+ b =20 EXAMPLE 1.6
Evaluate the product below. (AIME 1986)
On subtracting, 2ab = 25.
ANSWER 25 (\@+\/g+\/§)(f\£+\/é+ﬁ)

1.4 SURDS AND NESTED RADICALS

RULES - SURDS

a+2vVb=m=+/nwhenm+n=a, mn=>b
and m >n > 0.
1 a—+vb
Va+vb  a=b

fora # b.

For the first rule, square the right side: m + n £ 2/mn.
For example 7 + 43 = 74212, and 4 +3 = 7,
4-3=12,50 7 4+4V/3=2+4/3.

Ifa+bv2 = c+dv2witha,b,c,drational, then a = ¢
and b = d, as v/2 is irrational. The same holds for any

irrational square root.

EXAMPLE 1.5

1 1
Find

1
+ fot
1+vV2 V243 V99 + /100

For the first term, multiplying numerator and de-
nominator by V2 -1,

v _ v2-1 =v2-1
1+v2  2-1
Similarly for every term: by the second rule for surds
(Section 1.4) witha=k+1,b=k,a—b=1,

1 — _
e vig s VErIvk

So the sum is
(V2=1)+ (V3= V2) 4+ + (/100 — V99)

Each of v/2,...,1//99 comes once with + and once
with —, so only /100 — 1 = 10 — 1 is left.

AvswEr 9

x (V5= V6+V7)(V5+V6— V7).

Each pair below is of the form (A + B)(A — B) =
A% — B2,

The first two factors are (v6 + /7) £1/5. As
(\@ + \ﬁ)z = 13 + 2v/42, their product is

(134+2V42) —5 =8 +2V42

The last two are v/5 F (V6 — /7). As (v6 — /7)? =
13 — 2/42, their product is

5— (13 —2V42) =2v42 -8
Multiplying 2+/42 + 8 and 2V/42 — 8,

(2V/42)%> — 8% = 168 — 64 = 104

avswer 104
1.5 SUMS OF SQUARES

THEOREM - A SUM OF SQUARES

For real numbers, x% + x% + -+ x% > 0, with
equality exactly when every x; = 0.

So a single equation can fix several real unknowns:
rewrite it as a sum of squares equal to 0. The most used
case is the identity of 1.1: a® + b? + ¢* — ab — bc — ca is
half the sum of (a — b)?, (b —¢)?, (c — a)?, so it is zero

only whena =b =c.

WHERE MARKS GO - REAL NUMBERS ONLY

The argument needs real numbers. Over complex
numbers 12 4 i2 = 0 with neither term zero, so state
that the unknowns are real before using it.

EXAMPLE 1.7

Real numbers x,y satisfy (x> +1)(y> +1) — 2(x +
1)(y+1)+4=0. Findx+y.

Puttingx =y =1, weget2-2-2-2-24+4=0.So
x +y = 2 is possible. We show it is the only case.

iitianforum.com
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On expanding,
(P + 17+ 1) =Pyt Hyt 41

2(x+1)(y+1) =2xy +2x+2y +2

So the left side is
Py P+ y? —2xy —2x — 2y + 3
Writing 3 = 1+ 1 + 1 and grouping into squares,
(y— 1%+ (x =1+ (y —1)> =0

Each square is 0 (theorem on a sum of squares, Sec-
tion 1.5), so x = 1, y = 1, and then xy = 1 also
holds.

mSWER X +Y = 2

EXAMPLE 1.8

Find all real x with 9* +4* +1 = 6% 4 3* + 2*.
(Ukraine 1997)

Putting x = 0, both sides are 3. Putting x = 1, we
get 14 # 11. We show x = 0 is the only answer.

Leta = 3%, b = 2%, ¢ = 1. Then 9% = 42, 4* = 12,
1=c% 6% =ab, 3" = ca, 2* = bc, and the equation

becomes
>+ >+ c* =ab+bc+ca
i.e., by the identity in Section 1.1,
@a=b2*+®—c)*+(c—a)*] =0

So a = b = ¢ (theorem on a sum of squares). Hence

3% =1, which gives x = 0.

asver X =0
1.6 COMPARING LARGE NUMBERS

(i) Match the exponents: 2300 = 8100 < 9100 — 3200,
(i1) Match the bases: 4°0 = 2100 g0 — 2120,

(iii) Insert a middle term that is easy to compare with
both numbers.

(iv) Compare a ratio with 1 when the two numbers are
close.

EXAMPLE 1.9

Which is larger, 311 op 17142

31 is a little less than 32 = 25 and 17 a little more
than 16 = 2%, so we insert a power of 2 in the middle
(Section 1.6):

3 < 32! = 2%

1714 > 1614 _ 256

As 2% < 256

3111 < 255 < 296 714

wsier 1714

WHERE MARKS GO - EACH LINK MUST BE CLEAR

Do not compare by a rough count of digits. Write a
chain in which every single inequality is obvious, as

in the example above.

EXERCISES 1

1.1 Real numbers a,b,c satisfy a +b +c = 0 and
abc = 4. Find a® + b3 + 3.

1.2 Ifa+b=>5and ab = 3, find a® + b°.

1.3 Ifx—k1 :3,ﬁndx5+i5.
X 5%

1.4 Find v/20-21-22-23 + 1.

1.5 Find V11 4+ 6v2 + V11 — 6v/2.

1.6 Evaluate (v2 4+ V11 + v/13)(—v2 + V11 + V/13)
x (V2 — V11 +V13)(vV2 4 V11 - V13).

1* 4 2007* + 2008*
1.7 Find the value of 12 1 23872 i 28822. (British MO
2007)

114 + 100% + 1114
1.8 Find \/ i 0;) a . (Japan 2016)

1.9 Real numbers x, y satisfy x> + y*> + 5 = 4x + 2y.
Find x +y.
1.10 Real numbers x,y satisfy (2x + 1)% +y? + (y —
2x)? = % Find x + y. (Croatia 2003)

1.11 How many positive integers n satisfy n??0 < 53902

1.12 Write 218 4+ 1 in the form a* + 4b* and find its
largest prime factor.

1.13 Real numbers x, y, z, not all equal, satisfy x4 y3 +
73 =3xyzand x +2y + 3z = 6. If x = y, find z.

iitianforum.com REAL STUDY, GENUINE RESULTS 10
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cusrer 02 POLYNOMIALS

A polynomial question in IOQM usually asks for one
number: a remainder, a coefficient, a value P(k) or a
symmetric expression in the roots. Very often the roots
themselves are never found. This chapter covers divi-
sion and remainders, the relations between roots and
coefficients, sums of powers of the roots, integer roots,
comparing two polynomials, helper polynomials with
known roots, and roots of unity.

2.1 DIVISION AND THE REMAINDER THEOREM

P(x) = apx™ + -+ - + a1x + ag with a, # 0 has degree
n and leading coefficient a,,. It is monic if a,, = 1.

THEOREM - DIVISION

For polynomials P and D # 0 there are unique
polynomials Q and R with

P(x) = D(x) Q(x) + R(x),

where R = 0 or deg R < deg D.

(i) Remainder theorem: on division by x — a the re-
mainder is P(a).

(i1) Factor theorem: x — 4 is a factor of P(x) exactly
when P(a) = 0.

(i11) On division by (x — a)(x — b) with a # b, the re-
mainder is rx +s,and ra+s = P(a), rb+ s = P(b)
fix r and s.

(iv) P(1) is the sum of the coefficients and P(0) = ap.

y

R(x)=rx+s

b

A~

P(x

the remainder on division by (x —a)(x — b)

is the line through (a,P(a)) and (b, P(b))

EXAMPLE 2.1

Find the remainder when x'% is divided by x> — 3x + 2.

x> —3x+2 = (x —1)(x — 2). Let the remainder be
rx + s (degree less than 2).

10 = (x —1)(x —2) Q(x) + rx +s
Putting x =1and x = 2,

r+s=1, 2r +5 =210

as (x —1)(x —2) = 0 there. On subtracting, r =
210 — 1,505 =1—r=2-21

ANSWER (2100 — 1)x + 2 — 2100
2.2 VIETA’S FORMULAS

THEOREM - VIETA

If ax? + bx + ¢ has roots &, B, then

a+,3:72, «p g.

If ax® + bx? 4 cx + d has roots a, B,7, then

Ta=-f Yap=¢

apy =—4.

Here ) af = af + By + ya. In general, for degree n
the sum of the products of the roots taken k at a time
is (—1)a,_x/ay. For example x> — 6x% 4 11x — 6 has
roots 1,2, 3: their sum is 6, the sum of products in pairs
is 11 and the product is 6.

Any symmetric polynomial in the roots can be found
from these sums, so it is fixed by the coefficients with-
out solving the equation. Also, a root satisfies the equa-
tion: if 2 — 4t +1 = 0 then * = 4t — 1, and higher
powers of t come down in the same way.

EXAMPLE 2.2

a, b are the roots ofx2 +3x+1 = 0and c,d are the roots
of x* —4x+1=0. Find (a+c)(b+c)(a—d)(b—d).
(Singapore Junior 2008)

By Vieta,

a+b=-3, ab=1

iitianforum.com
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c+d=4, cd=1

Alsoc? =4c—1,ascisarootof x2 —4x+1 = 0.
(a4c)(b+c)=c*+(a+b)ctab=c*—3c+1

which is 4c — 1 — 3¢ + 1 = c. Similarly, with dz =
4d —1,

(a—d)(b—d)=d*— (a+b)d+ab=d*+3d+1

which is 7d. Hence the productisc-7d = 7cd = 7.

ANSWER 7

EXAMPLE 2.3

r is a positive integer such that the three roots of
x3 —30x% + rx — 780 = 0 are the sides of a right-angled
triangle. Find the sum of the squares of the digits of r.
(Australian MO 2011)

Let the legs be a, b and the hypotenuse c. By Vieta,

a+b+c=30, abc = 780

Also a®? 4+ b* = ¢? (Pythagoras theorem). Using
a*>+b*=(a+b)*>—2abanda+b=30—c,

(30 — ¢)? — 2ab = ¢?

On cancelling ¢?, 900 — 60c = 2ab, so ab = 450 — 30c.
Substituting in ¢ - ab = 780,

(450 —30c) =780,  ¢*—15¢+26 =0

On solving, c =2 orc = 13.

¢ =2:a-+b=28,ab = 390; these a, b are not real, as
282 < 4-390.

c=13:a+4+b=17,ab = 60, so the legs are 5 and 12.
Check: 52 + 122 = 132 and 5- 12 - 13 = 780.

Again by Vieta, r is the sum of the products in pairs:

r=ab+c(a+Db) =60+13-17 = 281

msvern 22 + 82 +12 = 69

WHERE MARKS GO - SYMMETRIC OR NOT

a — B is not symmetric. Find (« — )% = (a + B)? —
4ap from Vieta, and then decide the sign from the
question.

2.3 SUMS OF POWERS OF THE ROOTS

Let a, B, v be the roots of ¥ — 61x2 +ex)x —e3, 5061 =
Y, e =Y aB, e3 = apy. Write pp = aX + gk + o~

THEOREM . NEWTON’S IDENTITIES

p1=e1, p2 = e1p1 — 2e,
p3 = e1p2 — ez2p1 + ez,
Pk = €1Pk—1 — e2Pk—2 +e3pr—3 (k> 4).

The last line comes from the equation itself: each root
satisfies 3 = e;a? — epa + e3. Multiply by a3 and
add over the three roots. For two numbers the same
idea gives theruleof 1.3, t, = st,_1 — pt,—2.

EXAMPLE 2.4
a+b+c=1 a2 +b*+c2=2and >+ +c% = 3.
Find a* + b* 4 c*.

Here p; =1, p» = 2, p3 = 3. By Newton’s identities,
e1 = p1 = 1, and from py = e;p; — 2ey,

:1—262, €y = —

Nl—

From p3 = e1py — eap1 + 3es,
3=2+1+3e5, e3=1
Then the identity with k = 4 gives

p4261p3762p2+€3p1:3+1+%

2.4 ROOTS AND GRAPHS

(i) A polynomial of degree n > 1 has exactly n com-
plex roots, counted with multiplicity. So it has at
most 1 real roots.

(i) With real coefficients, non-real roots come in con-
jugate pairs p &+ gi. A polynomial of odd degree
therefore has at least one real root.

i11) If P(a) and P(b) have opposite signs, P has a root
between a and b.

(iv) At a double root the graph touches the x axis with-
out crossing it.

) Descartes: the number of positive roots, counted
with multiplicity, is at most the number of sign

iitianforum.com
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changes in the list of non-zero coefficients, and dif-
fers from it by an even number.

Y

three distinct real roots exactly when the local maximum

is above the axis and the local minimum below it

EXAMPLE 2.5

a, b are positive real numbers and the equation ax* —

23x + b = x3 has exactly two distinct real solutions,
whose sum is 12. Find a + b. (Cuba 2004)

On rearranging,
X —ax?+23x—b=0

Non-real roots come in a conjugate pair (Section 2.4);
such a pair would leave only one real root, but there

are two. So all three roots are real, two of them equal.

Let the roots be r,7,s (r # s). The solutions are 7, s,
sor+s = 12. By Vieta,

2r+s=a, 2 4+ 2rs = 23, 2s="b
Putting s = 12 — r in the middle one,

r?42r(12 —r) =23

ie, > —24r+23=0,0r (r—1)(r —23) = 0.

r S a b
1 11 13 11
23 —11 35 -—5819

r=1,asb > 0. Check:

(x —1)%(x —11) = x® —13x% +-23x — 11

aswer A+b=13+11 =24

2.5 INTEGER AND RATIONAL ROOTS

THEOREM - RATIONAL ROOTS

If 5, in lowest terms, is a root of a polynomial with
integer coefficients, then p | ap and q | a,,. For a
monic polynomial every rational root is an integer
dividing ay.

For example, the rational roots of 2x3 — 3x? — 3x + 2
can only be +1, £2, i%. Testing them gives the roots 2,

—1and %
KEY IDEA - DIFFERENCES OF VALUES

If P has integer coefficients and 4, b are integers,
then
a—>b|P(a)—P(b),

because a — b divides every a¥ — bk.

So P has no integer root if P(0), P(1) are both odd.

EXAMPLE 2.6

A polynomial P with integer coefficients has P(17) = 10
and P(24) = 17. The equation P(n) = n + 3 has two
distinct integer solutions nq,ny. Find niny. (AIME
2005)

Let Q(x) = P(x) — x — 3. The solutions of P(n) =
n + 3 are the integer roots of Q.

So Q(x) + 10 has the roots 17 and 24. By the factor

theorem,
Q(x) +10 = (x — 17)(x — 24) R(x)

and R has integer coefficients, as the divisor is monic.

Ata solution 1, Q(n) =0, so

(n—17)(n —24)R(n) =10

iitianforum.com
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. (n—17)(n —24) | 10. Letu = n — 17; then
n—24=u-—7.

u u(u—7)
0,7 0
1,6 —6
2,5 -10
3,4 —12
-1, 8 8

For u < —2 or u > 9, the two factors have the same
signand u(u —7) > 2-9 = 18 > 10. In the table
only —10 divides 10. Hence u =2 or 5,i.e, n =19
or 22.

avswer MMy = 19 -22 = 418

2.6 COMPARING POLYNOMIALS

(i) If two polynomials are equal for all x, their coeffi-
cients are equal.

(ii) Two polynomials of degree at most n that agree at
n + 1 points are the same polynomial.

(ii1) deg(PQ) = degP + degQ, and deg P(Q(x)) =
deg P - deg Q when Q is not constant.

(iv) Compare the degrees first, then the leading coeffi-
cients, then the rest. Putting x = 0, &1 or a known
root gives quick equations.

EXAMPLE 2.7

Find the number of non-constant polynomials P(x) with
real coefficients such that P(x?) = P(P(x)). (I0QM
2026, Q11)

Let deg P = n > 1. Comparing degrees (Section 2.6),
P(x?) has degree 21 and P(P(x)) has degree n?, so

2n = nz, n=2
. P(x) = ax?> +bx +c witha # 0, and P(x?) =
ax* +bx? +c.
x* terms: P(P(x)) = a P(x)? + b P(x) + c has lead-
ing term a - a%x*. So a® = a,and 4> = 1 (as a # 0).
x3 terms: P(x?) has none. In a P(x)? itis a - 2ab x> =
2bx3,and b P(x) + c has degree 2. So b = 0.
Now P(x) = ax? +c. Using a® = 1,

P(P(x)) = a(ax*+¢)® + ¢
= ax* +2cx% +ac® + ¢

Comparing x? terms with P(x?) = ax* + ¢, 2c = 0,
soc=0.

Hence P(x) = x? or —x2. Both satisfy the equation:

for P(x) = —x2, P(P(x)) = —(—x?)? = —x* =
P(x?).

ANSWER 2
EXAMPLE 2.8

P(x) is a quadratic polynomial with integer coefficients
such that

P(P(x)) = P(x)* + x* + x + 100.
Find P(4). (CMIMC 2017)
Let P(x) = ax*> + bx + cand y = P(x). Then

ay* +by +c =y* +x* + x4+ 100

x* terms: y? has leading term a?x*, s0 a - 2 = a2, i.

a=1(asa #0).

=a?ie,
Now y? cancels from both sides. Putting y = x> +
bx+cinby+c,

bx® + b2x + bc+ ¢ = x> + x + 100

The x? terms give b = 1 (and then b*> = 1 for the x
terms). The constants give ¢ + ¢ = 100, so ¢ = 50.
Hence P(x) = x* 4+ x +50. Check: P(y) = y* +y +
50, and y + 50 = x2 + x + 100.

mswer P(4) =16+4+50 =70

WHERE MARKS GO - SUBSTITUTE BACK

Comparing coefficients gives conditions that are nec-
essary. Put the polynomials you found back into the
equation, and read the question again for words such

as “non-constant” or “integer coefficients”.

2.7 HELPER POLYNOMIALS AND INTERPOLATION

Through n + 1 points with distinct x values there is
exactly one polynomial of degree at most n. When
P takes known values at many points, build a new

polynomial that is zero at those points.
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KEY IDEA - BUILD A HELPER WITH KNOWN ROOTS

If P(k) = f(k) fork=1,2,...,m, then

Q(x) = P(x) — f(x), or amultiple such as
xP(x) — 1 when f(k) = , has the roots 1, ..., m.
So

Qx) = (x=1)(x=2) - (x —m) S(x),

and the degree tells you what S can be.

EXAMPLE 2.9

P(x) = x* + ax® 4+ bx® + cx + d with P(1) = 10,
P(2) = 20, P(3) = 30. Find %OP(_S),
(ARML 1984)

P(x) —10x is 0 at x = 1,2, 3 and is monic of degree
4, so by the factor theorem

P(x)—10x=(x—1)(x —2)(x = 3)(x — 1)

for some number r, which we do not need to find.

At x = 12, the first three factors give 11-10 - 9 = 990:
P(12) =120 +990(12 — r)

At x = —8, they give (—9)(—10)(—11) = —990, and
x—r=—(8+4+r):

P(—8) = —80+990(8 + )

On adding, the terms with r cancel, as (12 —r) + (8 +
r) = 20:

P(12) + P(—8) = 40+ 990 - 20 = 19840

19840 — 1984

ANSWER

EXAMPLE 2.10
P has degree 4 and P(k) = % fork =0,1,2,3,4.
Find P(5).

Let Q(x) = (x+1)P(x) —x.Fork =0,1,2,3,4,
Q(k) = (k+1)- g5 k=0
Q has degree 5 and these five roots, so

Qx) =cx(x—1)(x—=2)(x—3)(x—4)

Atx = —1, the factor x + 1is 0, s0 Q(—1) = 1, and
the right side is

e(~1)(=2)(~3)(—4)(=5) = —120c
c.c= —ﬁ. At x = 5, the right side is 120c = —1, so

6P(5) —5=—1, P(5) =

[

ANSWER —

The differences of the values of a polynomial of degree
n become constant after n rounds; the nth difference is
n!ay. For a cubic with P(1),...,P(4) equalto 1,2,4,8,
the differences are 1,2, 4, then 1,2, then 1. Keeping the
third difference 1, the next second difference is 3, the
next first difference is 7, and P(5) =8 +7 = 15.

2.8 ROOTS OF UNITY

A complex number is z = p + gi with Z = —1;
its conjugate is Z = p — gi and its absolute value is
|z| = \/p? + g2. The equation x" = 1 has 7 roots, the
nth roots of unity

271

W = Cos <~ +1sin<-.

They are equally spaced on the circle |z| = 1, and for
n > 2 they add to 0.

RULES - CUBE ROOTS OF UNITY

Ww=1, 14+w+w?=0, @=w?
P4x+l=(x—w)(x—a?), 1+w=-u?
Im
wd =1
Re l4w+w =0
i —14iv/3
w = 2
v

So x% + x + 1 divides a polynomial P with real coeffi-
cients exactly when P(w) = 0; then P(w?) = 0 as well,
being its conjugate. Powers of w depend only on the

exponent modulo 3.
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EXAMPLE 2.11

For how many integers n with 1 < n < 100 does
x? + x + 1 divide x*" + x" +1?

Let P(x) = x?" + x" + 1. By the rules for cube roots
of unity, x? + x + 1 divides P exactly when P(w) = 0.
Powers of w depend only on the remainder of n on
division by 3:

n w", W P(w)

3m 1,1 3
3Im+1  w, w? 0
3m+2 W w 0

Hence the condition holds exactly when 3 { n.
Among 1,...,100 there are 33 multiples of 3.

aswer 100 — 33 = 67

The same substitution counts binomial coefficients.
Adding (1 + x)" at x = 1, w, w? keeps only the terms
with 3 | k:

n) _ 2"+ (1+w)"+(1+w?)"
%) .

EXERCISES 2

2.1 P(x) leaves remainder 4 on division by x — 1 and
remainder —5 on division by x + 2. Find the re-
mainder on division by (x —1)(x + 2).

2.2 The four roots of x* + kx% 4+ 90x — 2009 = 0 are
X1,%2,x3,%4, and x1x, = 49. Find k. (Singapore
Junior 2009)

The roots of x3 — 12x2 + kx — 48 = 0 are in arith-
metic progression. Find k.

N
w

2.4 a, B,y are the roots of 2x3 —5x%2 +7x — 3 = 0. Find
1711
« B

2.5 a, 3,7y are the roots of ¥ —-x—1 = 0. Find
«® + B+

N
o

Integers a < b < c satisfy a+b+c = 95 and
a% + b? + ¢? = 3083. Find c. (CMIMC 2016)

The equation 4x* — 12x3 — 7x? + 22x + 14 = 0 has
four distinct real roots p > g > r > s, and two of
the roots add up to 1. Find [10(p +q) |.

N
&

2.8 Find the sum of the rational roots of 2x% — 5x2 —
6x +4=0.
2.9 P has integer coefficients and P(a) = P(b) =
P(c) = P(d) = 5 for four distinct integers a, b, ¢, d.
For how many integers k is P(k) = 8?
2.10 How many polynomials P of degree at most 2,
with real coefficients, satisfy P(x)? = P(x2)?
2.11 P is monic of degree 4 with P(1) = 3, P(2) = 6,
P(3) =9, P(4) = 12. Find P(5).
2.12 Find the remainder when x?%2¢ 4+ x1013 4 1 is di-
vided by x% + x + 1.

2.13 FindSZ‘k: (1;) = (102) + (132> +. 4 Gi)

cusrer 03 EQUATIONS AND FUNCTIONAL EQUATIONS

An equation in IOQM is rarely solved by a formula
alone. Usually the equations are combined, a block
is replaced by a new letter, or the question is turned
into a sum of squares or a statement about x + y and
xy. This chapter covers linear and quadratic equations,
substitutions, radicals and absolute values, the floor
function, symmetric and cyclic systems, and functional

equations.

3.1 COMBINING LINEAR EQUATIONS

When there are more unknowns than equations, the
unknowns are not fixed, but the question asks for a
combination that is. Look for multipliers A, u such

that A - (first) + p - (second) is exactly the combination

asked for.

EXAMPLE 3.1

3 shirts, 7 trousers and 1 wallet cost Rs. 307. 4 shirts,
10 trousers and 1 wallet cost Rs. 411. Find the cost of 1
shirt, 1 trouser and 1 wallet together. (AIMO 2015)

Let the prices be s, t, w:
3s+7t4+w = 307, 4s + 10t + w = 411

Two equations cannot determine three prices:
(s,t,w) = (14,30,55) and (20,28,51) both satisfy
them. But both give s +t +w = 99.
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Multiply the equations by A,  and add. Comparing
the coefficients of s, t, w with s + t + w,

BA+4u =1, 7A4+10u =1, A+pu=1

From the first and last, A = 3, y = —2. These satisfy
the middle one also (21 — 20 = 1). Therefore

s+t+w=3-307—-2-411 =921 — 822

aswer Rs. 99
3.2 QUADRATIC EQUATIONS

THEOREM - COMPLETING THE SQUARE

With D = b? — 4acand a # 0,

D

axz—&—bx—f—c:a(x—i—%)z—za.

(i) Two real roots if D > 0, one double root if D = 0,
no real rootif D < 0.

(i1) With integer coefficients, the roots are rational ex-
actly when D is a perfect square.

(ii1) For a > 0 the least value is —%, taken at x = —%.

@) For f(x) = ax? + bx + ¢, both roots exceed k ex-
actly when D >0, af(k) > 0and — 2 > k.

EXAMPLE 3.2

Find the real numbers x,y with (4x? + 6x + 4) (4y> —
12y + 25) = 28. (USA-MTS 1998)

On completing the square in each bracket (theorem
in Section 3.2),

4t bx+4=4(x+3)7+7

4y — 12y +25 = (2y — 3)% + 16
The product is at least 28. A square is never neg-
ative, so the brackets are > % and > 16. Both are
positive, so the product is > % -16 = 28.
Equality. The product is exactly 28, so each bracket
takes its least value:

x+3=0, 2y-3=0

ANSWER X — —%, y= %

vertex X = %

a>0: negative exactly between the roots, least at the vertex

3.3 SUBSTITUTIONS

(i) A block that appears more than once becomes a
new letter.

(ii) Reciprocal equations (the same coefficients from
both ends): divide by x? and put y = x + 1, so
P?+L=y-2

(i11) Exponentials: put a = 2%, b = 3%; then 4% = a2

and 6* = ab.

(iv) Symmetry about x = m: put x = m + ¢.

EXAMPLE 3.3
Solve x?(2 — x)?
(Bangladesh 2018)

= 1+2(1—x)? for real x.

On replacing x by 2 — x, the equation does not
change. So it is symmetric about x = 1, and we

write everything in terms of 1 — x:
x2—x)=1-(1-x)?

(Checkatx =3:3-(—1) = -3and1—-4 = —-3)
Putting = (1 — x)?, we get

(1-t)?=1+2t, #—4t=0

Sot=0ort=4.
t=01—x=0,s0x=1.
t=4:1—x=42,s0x=—1lorx =3.

mswer X =—1,1,3

EXAMPLE 3.4
Find the sum of the real roots of x* — 5x% + 6x> — 5x +
1=0.

The coefficients 1, —5,6, —5, 1 are the same in reverse
order, so this is a reciprocal equation (Section 3.3).
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x = 0is not a root. On dividing by x? and grouping,
1 1
2 R —_— —_ =
(+ ) —5(x+)+6=0

Putting y = x + 1, so that 2 + % =y2-2,

y2—5y+4:0, y=lory=4
Multiplying x + % =ybyux,
y equation D

1 x2—x4+1=0 -3
4 X2 —4x+1=0 12

Only y = 4 gives real roots (D > 0). They are 2 + V3,

with sum

2+V3)+(2-V3) =4

avswer 4

3.4 RADICALS AND ABSOLUTE VALUES

(i) VA = Bneeds B > 0. Squaring keeps every solu-
tion but can add new ones, so every answer must
be checked in the original equation.

(i1) |A| = B exactly when B > 0 and A = +B.

Gi1) Withay <ap < --- <ay, thesum |x —aq|+-- -+
|x — ay| is a broken line. It is least at the middle
number when 7 is odd, and at every x between the
two middle numbers when 7 is even.

For example, /x +5 = x — 1 gives x> —3x —4 = 0, so
x=4orx=—1.0Onlyx =4hasx —1 > 0, soitis the
only solution.

Y

St value 4 at the median

]
]
]
|
i
1 L 1
T 3 3 *

x—1|+ |x—2|+ |x —5| is piecewise linear, least at the middle point

EXAMPLE 3.5
Find the least value of |x — 1| + |x — 2| + |x — 5] +
[x — 9.

For a few values of x:

x 0o 3 5 7
sum 17 11 11 15

The least value appears to be 11.

At least 11. Pairing the outer terms and the inner
terms, and using |u| + |[v| > |u + |,

[x—=1+9—x|>|(x—1)+(9—x)| =8

r—2 5 —x| 2 |(x—2) + (5-x) =3

On adding, the sum is > 8 +3 = 11.
Equality when2 < x <5. Thenx —1,9 —x, x — 2,
5 — x are all > 0, so both lines are equalities.

answer 11

EXAMPLE 3.6

Solve in real numbers: \/x2 —y=z—1, Jy* —z =

x—1, vVz2 —x =y — 1. (Morocco 2015)

A square root is never negative,soz —1,x — 1,y — 1
are all > 0:

On squaring each equation,

P —y=(z-1)?
y¥oz=(x-1)7
Z—x=(y—1)?

LetS = x> +y?>+z2and T = x +y + z. On adding
the three, the left side is S — T and the right side is
S—2T+3:

S-T=5-2T+3, T=3

Each of x,y,z is > 1 and their sum is 3. If one
were greater than 1, the sum would exceed 3. So
x=y=z=1
Check: each equation becomes /1 —1=1—1,i.e.,
0=0.

ANSWER (1, 1, l)
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WHERE MARKS GO - CHECK AFTER SQUARING

After squaring, put each answer back into the original
equation. A root that makes a square root equal to a

negative number is not a solution.

3.5 THE FLOOR FUNCTION
DEFINITION - FLOOR AND FRACTIONAL PART

| x] is the greatest integer < x and {x} = x — [x].
So x = n+ f withn = | x| an integer and
0<f<1 and

lx] =n <= n<x<n+1.

y=z
—-0
y=|x
o—O
&—O
4 O x
[x] < x < |x]+1; vrite x = n+4+f with 0 < f < 1

1) [x+m] = | x|+ m for every integer m.

1) Hermite: [x] + [x+ 1] = [2x].

(i11) Method: write n = | x|, solve for x in terms of #,
and then use n < x < n + 1 to find the possible n.

EXAMPLE 3.7

How many real numbers x satisfy x> — 8| x| +7 = 0?

Puttingx =7, weget49—-8-74+7=0.Sox ="7is
one solution.

In general, let n = | x| (method of Section 3.5). Then
X2 =8n—-7

x2>0,s081—7>0,andn > lasnis an integer.
Thenx >n>1,s0x = /8n—7.

On squaring n < x (both sides positive),

n<8n—-7, (n—-1)(n—-7)<0

So1 < n <7. Checking each n,

n 12 3 4 5 6 7
¥ 1 9 17 25 33 41 49
lx] 1 3 4 5 5 6 7

|x] = nonlyforn =1,5,6,7. Hence

x=1,V33, V41, 7

avswer 4

3.6 SYMMETRIC AND CYCLIC SYSTEMS

(i) Subtract two equations and take out a factor such
as x —y. Then treat the cases x = y and x # y
separately.

(i1) Add the equations, or add them in pairs, to look
for squares.

(iii) With two unknowns uses = x +y, p = xy (1.3).
Real x,y need s2 > 4p.

(iv) With three unknowns use x +y +z, xy + yz + zx
and xyz: then x,y,z are the roots of £ — (x +y +
z)2 + (xy + yz + zx)t — xyz.
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EXAMPLE 3.8

Find all real (x,y,z) with

xz—yz+xy+zx:82,
y2—2x+xy+yz: —18,
zz—xy+yz+zx:18.

(COMC 2005)

On adding the first two equations (—yz and yz can-
cel, and so do zx and —zx),
2y +yP =64,  (x+y)t=64
Similarly, the other two pairs give
(y+2%=0, (z+x)2=100

Soy = —z. Then —yz = z% and xy +zx = x(y +
z) = 0, so the first equation becomes

+2=82

Using (x +z)? = x2 + 2% + 2xz, the sum and product
of x and z are

_ _ o 10082 _
s=x+z= =10, p=xz="5%=9

Sum 10, product 9 give 1 and 9; sum —10 gives —1
and —9. With y = —z, we get four triples.

These also satisfy (x + y)? = 64:

(x+y)?> = (x —z)2 = s> —4p = 100 — 36

msver +(9,—1,1) and £(1, -9,9)

EXAMPLE 3.9

Complex numbers x,y, z satisfy

xz—i—yz—i—z:xy,

On taking out x — z, and similarly for the other two
pairs,
(x—z)(x+z—-1—-y)=0,
(y—x)(y+x—-1-2)=0,
y—2)y+z-1-x)=0

All different. Then the second factors are 0:

x+z=1+y, x+y=1+z

On adding, 2x = 2,s0 x = 1. Similarlyy =z =1,
which is not possible as they are different.

All equal, x = y = z = t. The first equation gives
P4+t=0.t=0 gives the value 0; t = —1 makes
each bracket 1 + 1 = 2, so the value is 8.

Exactly two equal, say x = y # z. Asy # z, the
third line gives y +z — 1 — x = 0, so z = 1. The first
equation becomes 2x? + 1 = x?, so x = +i. Both
(i,i,1) and (—i, —i, 1) satisfy all three equations.
For (i,i,1) the brackets are —1 — i, —2,1 — i, and

(1= -i)==2  [(-2)(=2)| =4

(—i,—i,1) also gives 4. The system does not change
underx -y =z > x,soy=z#xandz=x#y
also give 4.

The values are 0,4, 8.

mswer 0+4+8=12

WHERE MARKS GO - NEVER DIVIDE BY ZERO

From (x —z)(x +z — 1 —y) = 0 you may not cancel
x — z. Write both cases. In IOQM 2026, Q21, the values

0 and 8 come only from the case x =y = z.

3.7 FUNCTIONAL EQUATIONS

x+12 422 =yz, A functional equation asks for a function, or for one
24 y+ 2= xz. value of it, from a rule that holds for all x (and y).
(i) Put special values: x =0,y =0, x =y, y = —x,

Find the sum of all distinct possible values of x=1

(i) Replace x by 1 — x or % to get a second equation,
and solve the two as a linear system.

(2 =) = 2)(2% —x).

(IOQM 2026, Q21) (iii) The maps x — ﬁ — fol — x come back after

three rounds; x — 1 — x and x — 1

+ come back
after two.

Subtracting the second equation from the first,

(iv) Check every function you find in the original equa-

(¢ =2%) = (x—2) —y(x—2) =0 tion.
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EXAMPLE 3.10

f is defined on the rationals other than 0,1 and

X f(x) —I—f(x_l) = 2x%.

x
Find f(}). (Singapore Senior 2011)

. -1 . . 1
On applying x — *= again and again from x = 3

(e.g. 1{2/51 = —1),

1 1
7 > -1 —=2=3

i.e., back after three rounds (Section 3.7).

Leta = f(3), b = f(—1), c = f(2). Putting
X = %,—1,Zin the equation,

ja+b=1,
b+c=2,
4c+a=38

From the first, b = % — %u.
From the second,c =2 —-b = % + %a,soélc: 6+a.

Substituting in the third,

6+a+a=38, a=1

EXAMPLE 3.11

Find all functions f : R — R with

f(x=y)?) = x> =2y f(x) + f(v)*.

For a prime p, let q be the sum of all possible values of
f(p). Find the largest two-digit prime q that can arise.
(Australia 2001)

For f(x) = x, the right side is x? — 2xy + y*> =
(x —y)?, the left side. So f(x) = x is a solution.
We now find all such f.

Putting x = y = 0, we get f(0) = £(0),s0 f(0) =0
or 1. Putting y = x,

£(0) = x? = 2xf(x) + f(x)* = (f(x) —x)

Case f(0) = 0. Then f(x) = x for every x.

Case f(0) = 1. Then f(x) = x+ 1 or x — 1 for each x.
Putting y = 0, we get f(x?) = x? + 1; putting x = 0,
we get f(y?) = =2y + f(y)?. So

fP =y +1+2y=(y+1)

2

If fly) =y—1,then (y — 1) = (y+1)%, 50y = 0;
but f(0) = 1, not —1. So f(y) = y + 1 for every y.
It satisfies the equation: x> — 2y(x +1) + (y +1)? =
(x—y)?+1.

So f(p)ispor p+1,and g = 2p + 1. Checking the
largest two-digit primes g,

q p:% p prime?

97 48 no
89 44 no
83 41 yes
msier § = 83

EXERCISES 3

3.1 a, b, c are distinct positive integers and N = 5a +
3b+5c = 4a + 5b + 4c, where 131 < N < 150.
Find a + b + c. (Cayley 1998)

w
N

Blocks of one colour all weigh the same whole
number of kilograms, and different colours weigh
different amounts. Each of the collections (5 red, 3
blue, 5 green), (4 red, 5 blue, 4 green) and (7 red, 4
blue, k green) weighs w kg, where 30 < w < 50. If
N is the weight of 6 red, 7 blue and 3 green blocks,
find k + w + N. (AIMO 2014)

w
w

The fraction ; in lowest terms equals % + % for
a positive integer n, and a + b = 1024. Find a.
(Australian Intermediate 2015)

3.4 How many pairs of real numbers (4,b) satisfy
2ab = 6(a+b) — 13 and a®> + b*> = 4? (Bosnia
and Herzegovina 2018)

3.5 How many pairs of real numbers (a,b) satisfy
a? +b? = 25 and 3(a + b) — ab = 15? (Germany
2016)

3.6 Find all real x with 2¥ 4+ 3* — 4*¥ 4+ 6* — 9% = 1.
(Korea 2000)

3.7 Real numbers x,y,z > 1 satisfy
xty+z+ 2+t
=2(Vx+2+y+2+Vz+2).

Find x. (Nordic 1992)
3.8 How many integers x satisfy |x — 2| + |[x — 7| = 5?2

3.9 Find the least real x with | x| + |2x] = 10.
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3.10 Find all real (x,y,z) with (x —=1)(y —1)(z —1) =
xyz —1 and (x —2)(y — 2)(z — 2) = xyz — 2.
(Metropolises 2018)

3.11 Non-zero reals 4, b, c satisfy a24+a=b00+b=
2, c> 4 ¢ = a?. Find (a — b)(b — ¢)(c — a). (Poland
2018)

3.12 f is defined for real x # 0,1 and f(x) +
1 1 ' ‘
2x (1 = x) = 1. Find 12f(12). (Australian MO
2003)

3.13 f(x) +2f(1 — x) = x? for all real x. Find f(3).

cuarter 02 SEQUENCES, SERIES AND RECURSIONS

A sequence question gives a rule and asks for a far
term or a long sum. Writing out the first few terms is
always the first thing to do: the pattern, a period or a
telescoping sum usually shows itself early. This chap-
ter covers progressions, sums of powers, telescoping,
recurrences that repeat, and linear recurrences such as

the Fibonacci numbers.

4.1 ARITHMETIC AND GEOMETRIC PROGRESSIONS

An AP has a constant difference d, so a, = a7 + (n —
1)d. A GP has a constant ratio 7, so a,, = a;r" L.

THEOREM - SUMS

n n
Snzi(al‘f'ﬂn)zi

for an AP, and for a GP with r # 1

(2a1 + (n —1)d)

ay +4a, in every row

n rows

the AP 1,2,...,6 and its reverse fill

1
|
|
|
| |
|
|
6

rows of length 7: 2S5, = n(ay + ay)

(i) a,b,c are in AP when 2b = a + ¢, in GP when
b?> = ac (all non-zero), and in HP when %, %, % are
in AP.

(n—m)(n+m+1)

2

Gi) (m+1)+---+n= , a sum of

consecutive integers.
(iii) Arithmetico-geometric sums: multiply by r and
— k S 1 _
subtract. For S = Yy>155, S—35 = L1355 = 1,
s0S =2.

EXAMPLE 4.1

How many 3-term geometric progressions a, b, c of pos-
itive integers are there with a < b < c and ¢ = 80002
(Math Prize for Girls 2018)

The ratio need not be an integer. For ratio %, we get
5120, 6400, 8000

and 64002 = 5120 - 8000.

In general, let the ratio be s in lowest terms, p > q >
1. As c = 8000,

~ 8000g Ve 80004°

b
p p?

ged(p?,4?) = 1, so a is an integer if and only if
p? | 8000. Then p | 8000 too, so b is an integer.

8000 = 2°-53, s0 p? | 8000 gives p = 2i5/,i < 3,
j < 1. For each such p > 1, g is any integer with
1<g<pandged(p,q) =1

p allowedg count
2 1 1
4 odd 2
8 odd 4
5 1,234 4
10 odd, 5t¢q 4
20 odd, 51¢q 8

40 odd, 5tgq 16

Each pair (p, q) gives a different ratio, hence a differ-

ent progression.

mswer 14+2+4+4+4+8+16 =39
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4.2 SUMS OF POWERS 4.3 TELESCOPING
THEOREM - POWER SUMS KEY IDEA - WRITE EACH TERM AS A DIFFERENCE
If t; = by — by, then
& nn+1) ", nn+1)2n+1)
Li=—%— LF= ’ Hittat+-+tn—b—b
= =1 6 1+t n=>b1 —byi1,
n
1
Zk?’ = (n(n ;_ )) because every middle term cancels. A product of
k=1 bfk collapses in the same way to bb
o SR S
0 k(k+1) k k+1
. 2 1 1
oo TR RGO (B G
0000 s G Gin k-k! = (k+1)! =Kk, so X k-kl = (n+1)! — 1.
.’... a 5x6 grid ) _k_1 k+1
T —— Gw 1 2=k r , which telescopes as a prod
(n+1)(n+2) uet
n(n
@ 1:242-34+---4+nn+1)= -3 () A recurrence of the form b, —b,_1 = ¢, gives
G0 T k(k+1)(k+2) = Ln(n+1)(n+2)(n+3). by =bo+ci+---+cn

Gi) 14+3+5+---+(2n—-1) =

(iv) A sum of a polynomial in k is split into these stan-
dard sums.

EXAMPLE 4.2

Find 12 +3% 4+ 5% 4 - - . + 392,
The odd numbers 1,3,5,...
1,2,...,20,and

,39 are 2k — 1 for k =

(2k —1)% = 4k*> — 4k +1
By the power sums of Section 4.2,

20-21-41 21 41 — 2870

Zk2

20 20-21

Zk_i_zm

.". the required sum is
4-2870 —4-2104+20 = 11480 — 840 + 20
Check withk =1,2,3:

1+9+25=35=4-14—-4-6+3

mswer 10660

1

2

[N
o
N
o

1/(k(k+1)) = 1/k—1/(k+1): five pieces fill 1—1/6
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EXRMPLE 4.3 Check: n = 1 gives % — % =1=r;n = 2gives
=gy = 31 _ 4 _
a1 =ay =2and, forn > 2, S-l=t=p,
2a,_1an 3 Inry + -+ + 150, the 50 copies of % give 75, and by
=n’ —n.

Ap—19n+1 — 11%

50
Find the integer closest to Z it (Singapore 2012)

n=1 “n

Letr, = “Z;’l ,sor; = 1. Putting n = 2,

2.2:2

= = =28_2=6
21/23—22

c203—4=3%,0a3="%andr, = 3.
In general, on dividing the numerator and denomi-
nator of the left side by a,,_14a,,

- 3

— =n"—n=m-1)n(n+1
— (n—)n(n+1)

Sory—rp_1 = m, and by the second iden-
tity in Section 4.3 (with k =n — 1),

B SR |

P = n(n+1)

On adding these for the indices 2,3, ..., n, the middle
terms cancel:

;’-1—0—1—71 —é—
T2 n(n+1) 2

1
n(n+1)

n

1 ]y]

the first identity in Section 4.3,

£y
=nn+1) 51

.. the required sum is 75 — 1 + 51—1 =74+ 5%

avswer 74

4.4 RECURRENCES THAT REPEAT

Many rules give a sequence that repeats. Compute
terms until something repeats or a pattern is clear, and
then prove the pattern from the rule. Some periods to
know, when every term is defined:

(1) Xpy1 = 1 has period 3, as in 3.7.

+ xn

1 .
(i1) Xp41 = 1 has period 4, and 4,41 = a, —a,_1

n

has period 6.

(iii) Ap41Ay—1 = ap (non-zero terms) has period 6:

b 1 1
a, b/ a’ a’ b’ %/ a...
® ®
® ®
®
®

1 2 4 5 6

10QM 2026, Q16: .4

EXAMPLE 4.4

A sequence of real numbers satisfies

_ An+3 + An42 (n > 1)
Ay + apy1 -

An4+3 — Ap42

ap — Ap4+1

and ass = 6, age = 2, ayy = 1. IfNZLI%—‘rﬂ%—I—"'-i—
@396, find the sum of the digits of N. (IOQM 2026,
Q16)

= ay, so 1,2,6,3 repeats

On cross-multiplying,
(An+3 = an2)(an + ani1)
= (an+3 + ap+2)(@n — Ani1)

On expanding, a,43a, and —a,42a,41 cancel from

both sides, leaving 24, 34,11 = 2a,42a,. SO
An+3an4+1 = An+20n (n>1)

No term after a; is 0. If gz = 0 for some k > 2,

then putting n = k — 1 above, ay 20y = ag 145_1,
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50 ay41ax—1 = 0. Then two neighbouring terms are
0, and their sum is a denominator a, + 4,1 of the
given rule, which is not possible.

Replacing n by n+1,

Ap+40n+2 = Ap+3An+1 = An420n

Aptp # 0,80 a,44 = ay, ie., the sequence repeats

every 4 terms.

given index S0

azy;=1 77=4-1941 a1 =1
agg =2 66=4-164+2 ap;=2
as5 =6 55=4-13+3 a3=6

Putting n = 1, agay = azay, so 2a4 = 6, a4 = 3.

Hence the sequence is 1,2,6,3 repeated. Check

(n = 1in the given rule): =5 =3 = %-

One block of squares adds to 1 +4 436 +9 = 50,
and 2026 = 4 - 506 + 2, so N has 506 blocks and then
2+ a2:

17T a3

N =506-50+1+4 = 25305

mswer 24+54+3+0+5=15

EXAMPLE 4.5
ay = 3,ap = —land aya,_9+a,_1 = 2 forn > 3.
Find a1 +ay + - - - 4 ag9. (Cuba 2006)

2—a,_ .
Lzl, and the first terms are

Here a;, = =
—

1 5 3 7
3/ 471/ 1/ 471/ 3/ 1/ 37 37 1/ 57 57 1/"'

The sequence does not repeat. But from a3 onwards
it is in blocks of three:

(1/ 471/ 3)/ (1/ %I %)/ (1/

[$][¢8)
[S31RN]

), ...

7

Each blockis 1, x, 2 — x.

This continues for ever. Let a,,_1 = 1. Then

2—-1 1
an = =
an—2 an—2
2 —ay
apy1 = B =2—ay
2—ay4q n
Apyp = 1 =1 =1

an an

No denominator is 0: x starts at —1, and if x < 1
then 2 — x > 1, so the next x = ﬁ (first line) lies
between 0 and 1.

So each block adds to 1 + x + (2 — x) = 3. Now
a1 + ap = 2, the 96 terms as, ..., agg form 32 blocks,
and ag9 = 1 starts the next block. .". the required sum
is

2+432-341=99

ANSWER 99

WHERE MARKS GO - CANCEL ONLY NON-ZERO TERMS

To go from a,, 4 40,42 = Ap42a, t0 a4 = ay you must
know a, 15 # 0. Give the reason in one line, as in the
IOQM example.

4.5 LINEAR RECURRENCES AND FIBONACCI

THEOREM - LINEAR RECURRENCE

Leta, = pa,—1 +qa,—, and let a, B be the roots
of x> = px +q. If « # B, then a, = Aa" + BB"; if
a = B, then a, = (A + Bn)a”. The first two terms
fix A and B.

It also works the other way: S;, = Aa" 4 BB" always
satisfies

Sn+2 = (¢ +B) Spt1 — aB Sn.
This is the rule t, = st,_1 — pt,_p of 1.3, now with

weights A and B.

EXAMPLE 4.6
ax+by = 3, ax? + byz =7 ax®+ by3 = 16,
ax* + by* = 42. Find ax® + by>. (AIME 1990)

Let S, = ax" +by",s0Sy,...,54are3,7,16,42, and
let
s=x+y, p=xy

Then x, y are the roots of t?> = st — p, so by the rule
in Section 4.5,

Spy2=58S5u11—pSn
Puttingn =1land n = 2,
16 =7s —3p, 42 =16s —7p

Multiplying the first by 7, the second by 3 and sub-
tracting, s = 112 — 126. Substituting s = —14 in the
first, —98 — 3p = 16. Hence
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Putting n = 3,
S5 =55, —pS3 = —14-42+38-16

ie., S5 = —588 + 608.

avswer 20
The Fibonacci numbers are F; = F, = 1, F;1p =
F,y1+F;:1,1,2,3,5,8,13,21,34,55,89, ... With Fj =

0:

(i) Binet: F,, =

g _1+V5 521—7\@

NG 2 2

(11) F1+F2+---+Fn:Fn+2—1andF12+---+F3:
F.F 1.

Git) Fyp1Fpoq — F2 = (-1)".

Giv) Ifx2 =x+1, then x* = F,x+ F,_; forn > 1.

EXERCISES 4

4.1 The 5th term of an AP is 11 and the 12th term is 32.
Find the sum of the first 20 terms.

4.2 The integers from 1 to n add to N and those
from 1 to m add to M, where n > m + 1 and
N —-M = 2012. Find n + m. (Crux Mathemati-
corum)

IS

.3 Find 2 %
k=1
4.2 Forwhichnis 13 +23 + - - - + n® = 2025?

.5Find(l—zlz)(l—?}fz)---(l—l(}?).

an—1
1+na,_qa,

IS

426ay) =a; = land a, 41 = forn > 1.
1
a10411
.7 Find p/gq for the two sums below. (Hungary-Israel

1990)

Find . (Singapore Senior 2009)

IS

_ 1989 1988+1987_“_+ 1
2 3 4 1990”
1 3 5 1989

1= 996 " 997 T 998 T T 1990°

4.8 Positive reals satisty a; + a4, = 45 and a,,_14,41 =
ay for n > 2. Find appz + axp4. (Australian MO
2010)

. Find X2026-

n
4.10 fy = fy_1+ fu—2 forn > 3, and f; = 83. Find
f1+ fo+ -+ fio. (Math Prize for Girls 2012)

4.9 xy =2and x, 41 = 1

4.11 Numbers x1,...,x10 satisfy x; +2x;;1 = 1 for
i=1,...,9. Find xq + 512x19. (Math Prize for Girls
2014)

4.12 FindFlz—l-Fzz—i- ---+F120.

4.13 a1 = 1,a, = 5and a, = 5a,_1 — 6a,_, forn > 3.
Find aio-

cusrter 05 INEQUALITIES AND PROBLEM SOLVING

In IOQM an inequality almost always appears as a
question about a largest or least value. The answer has
two parts: a bound, and values at which the bound
is reached. This chapter covers sums of squares, AM
and GM, the chain of means, Cauchy and Schwarz,
and maxima and minima over the integers. It ends
with a table for choosing the method, the four algebra
questions of IOQM 2026, a list of common mistakes
and a mixed problem set.

5.1 SQUARES

The basic inequalities below all come from x2 > 0:
(i) a? 4 b* > 2ab, thatis (a —b)% > 0.

1
(i) x + p > 2 for x > 0, with equality only at x = 1.

Gii) a2+ b> +c* > ab+be+ca (1.1).
(v (a+b+c)? > 3(ab+ bc + ca), which is the same

inequality.

To find a minimum, write the expression as a constant
plus squares, as in 1.5: for example x? + y? — 4x + 6y =
(x —2)2 + (y + 3)% — 13, least value —13 at (2, —3).

EXAMPLE 5.1
Find all real x,y with x> +2y* + 1 < x(2y +1).
(RMO 2014)

On multiplying by 2 and taking all terms to the left,
22 +4y? +1 — 4wy —2x <0
Writing 2x% = x? + 12,
(x® —4xy +4y°) + (> =2x +1) <0

(x—2y)?+(x—1)2<0
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A square is never negative, so both squares are 0:
x=1landx =2y, ie,y=1.

Check: LHS.=1+}+1=2RHS =1-2=2.

ANSWER. x=1,y=%

5.2 AM AND GM

THEOREM - AM AND GM

For non-negative ay, ..., ay,

ag+ay+---+ay
n

Z \n/ a1az - - - an,

with equality exactly when all the 4; are equal.

the half chord never exceeds the radius:

\/E < %, equal only when a = b

(i) With the sum fixed, the product is largest when the
terms are equal. With the product fixed, the sum is
least when the terms are equal.

(ii) Split terms so that the product is constant. For
x>0,

f+g=f+1+12ﬁq=&
X X X

1

with equality when x? = 1, ie. x = 1.

(iii) Decide the equality case first. The split is right
only if all the parts can be equal at the same time.

EXAMPLE 5.2

Positive reals x,y satisfy x +y = 1. Find the least value

of(1+%)(1+}/).

Forx:%,y:%,thevalueiSS-%:3;’.
On expanding,
1 1 2
(1+2)(1+ ) =1+ =
x y Xy
1 1 xty _ 1
aSE“'y—%—xfy.

By AMand GM, \/xy < 7Y = 1, soxy < 1.
At least 9. x% > 8,so0 the valueis > 1+8 =9.
Equality when x =y = % The valueis 3-3 =9.

ANSWER 9

EXAMPLE 5.3

Positive reals a, b, c satisfy a + b+ c = 6. Find the
largest value of ab*c>.

Fora=b=c=2ab*®=2-4-8 =64
Splitting b into two equal parts and c into three, the
six parts add to 6:

u+é+9+5+£+5—6
2 2 3 3 3

Their product is

. ﬁ éiab2c3
4 27 108

At most 108. The six parts have AM % =1,s0by AM
and GM their product is < 16 =1, i.e., ab?c® < 108.

Equality whena = 1, b = 2, ¢ = 3. Equality needs
the six parts equal, each 1: a =1, % =1, % = 1. Then
ab*c® =1-4-27 = 108.

ANSWER 108
5.3 THE CHAIN OF MEANS

THEOREM - HM, GM, AM, QM

For positive ay, ..., ay,

2
n a; a:
< o < B% o<y BE
ri n n
a;

and each inequality is an equality exactly when all

the a; are equal.

QM 2.92

always HM < GM < AM < QM for

positive numbers, equal only when they agree

Two consequences are used most:

1 1 1

- — — ) >
(“+b+c)(a+b+c) >9,
ENSCIE (a+b+c)?

= 3 o

iitianforum.com

REAL STUDY, GENUINE RESULTS 27



[ TOQM MATHEMATICS HANDBOOK - PART IV .- ALGEBRA ]

lITIANFORUM

The second holds for all real 4, b, ¢, being the case n = 3
of ny a? > (Zai)z.

EXAMPLE 5.4

Real numbers a,b,c,d, e satisfya+b+c+d+e=8
and a® 4+ b* + ¢ + d> + ¢* = 16. Find the largest
possible value of e. (USAMO 1978)

For the other four numbers,
a+b+c+d=8—e¢
a? + b+ +d* =16 — ¢
Bynya? > (¥ ai)2 (Section 5.3) with n = 4,
(8 —e)? <4(16 —¢?)

64 — 16e + €% < 64 — 4¢?
e(5e—16) <0
Atmost%. So0<e< 15—6.

Equality whena =b=c=d = g. Check:

6 16 36 256
4z t5 =8 4 2+ =16

ANSWER —
5

5.4 CAUCHY AND SCHWARZ
THEOREM - CAUCHY AND SCHWARZ

For real numbers,
(alb1‘+"' +’anbn)2
<@+ +ap) (0 + -+ b)),

with equality exactly when the two lists are
proportional.

Ya;b; = |u|[v]cos® < |ul|v], equal

when Vv is a non-negative multiple of u

(i) Titu’s form: for y; > 0,

oo (att )

i
yi+--+yn

n Yn

(i1) It bounds a linear expression on a sphere or circle:
onx?>+y? =1, (Bx+4y)?> < (9+16)(x*> +y?) =
25,50 3x +4y < 5.

EXAMPLE 5.5
Real numbers x,y, z satisfy x + 2y + 3z = 14. Find the
least value of x> + y* + z°.

— = _7 2 24,2 49
Forx=y=2zx=gand x" +y- +z° = 7.

By Cauchy and Schwarz,
(x+2y+32)2 < (1+4+9) (¥ +y* +22)

At least 14. L.H.S. = 196; on dividing by 14,
x> +y* 422> 14.

Equality when (x,y,z) = (1,2,3). Equality needs
I = % = %, ie, (x,y,z) = (t2t,3t). Then
t+4t+9t =14 givest = 1.

avswer 14

EXAMPLE 5.6

Positive reals a, b, c satisfy a + b + ¢ = 1. Find the least
Ualueof1 + 4 +9

a b ¢
Fora =b=c = 3, the valueis 3+ 12 + 27 = 42.

Writing the numerators as 12,22 32 by Titu’s form,

12 22 32 (1+2+3)?

42>
a+b+c_ a+b+c

Atleast 36. RH.S. = 3¢ = 36.

Equality when a = %, b=3c= % Equality needs
a:b:c=1:2:3anda+b+c = 1. Check:
6+ 12 +18 = 36.

ANSWER 36
5.5 MAXIMA AND MINIMA IN INTEGERS

) For an integer x: x> > |x|, and x> > 4 unless
xe{-1,0,1}.

(i1) Parity: a sum of an odd number of odd integers is
odd.

(iii) A positive integer k > 5 can be split as 2 + (k — 2)
with 2(k — 2) > k. So a product of positive integers
with a fixed sum is largest when the parts are 3s,
with at most two 2s.
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EXAMPLE 5.7

X1,X2,...,X49 are non-zero integers with x1 + xo +
<o+ xg9 = 0. Find the least possible value of
X3+ 3+ + 1. (IOQM 2026, Q3)

For 3 numbers: three +1s never add to 0 (odd sum),
but1+1 -2 = 0, with squares adding to 6.

For 49 numbers: each xi2 > 1. If every x; is £1, the
sum of 49 odd numbers is odd, not 0.

Atleast 52. So some xl-2 > 4, and the other 48 squares
are > 1:
Y X >4+48-1=52

Example with 52. One 2, twenty-three 1s and twenty-
five —1s:

2+23-25=0, 4+23+25=052

ANSWER D2

EXAMPLE 5.8
Find the largest product of positive integers whose sum
is 20.

Four 5s give the product 625; five 4s give 1024.

In a split with the largest product:

No part is 1: parts 1 and m can be joined into
m—+1>1-m.

No part is 5 or more: by Section 5.5, such a part k
splits as 2 4 (k — 2) with 2(k — 2) > k. A part4 can
be replaced by 2 + 2 (same product).

At most two 2s: three 2s can be replaced by two 3s,
as 8 < 9.

So the parts are 3s with at most two 2s. As 3420 and
3116, there is exactly one 2, and 20 —2 = 3 - 6.

mswer 30 -2 = 1458

WHERE MARKS GO - A BOUND IS NOT YET AN ANSWER

For a least or largest value, give the values at which
it is reached. If the equality case of your inequality
cannot happen, the bound is not the answer.

5.6 CHOOSING THE METHOD

A question in the paper does not say which chapter it
comes from. The chart and the table below match what
the question gives with the method to try first.

[ What does the question give you? ]

t .
o | [ ——

remainder theorem,
interpolation

symmetric s, p,
substitute

‘ degree, Vieta, ’ ‘ subtract, factor,

or recurrence;

find the period AM and GM,
Cauchy, squares;

telescope check equality
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THE QUESTION GIVES

METHOD TO TRY FIRST

SECTION

an expression to evaluate factorise; usea +b +c =0, or x + y and xy 1.1,1.3
values of a polynomial remainder theorem, or a helper polynomial 21,27
roots of a polynomial Vieta, then reduce powers with the equation 22,23
an equation in one unknown substitute, then square and check 3.3,34

a system subtract and factorise, or add in pairs 3.6

a functional equation special values, then a second equation 3.7

a sequence first terms, period or telescoping 43,44

a largest or least value squares, AM and GM, Cauchy, with equality 51t05.5

5.7 I0OQM 2026 ALGEBRA QUESTIONS

Four of the thirty questions of IOQM 2026 were alge-

bra. Each needed a complete argument: a bound with

an example, a degree count, a period, and a full case

split.

(1) Q3,least ) xl.2 when ) x; = 0: parity, then a bound.
Example 5.7.

(1) Q11, all P with P(x?) = P(P(x)): degrees, then
coefficients. Example 2.7.

(iii) Q16, a sum of squares of a sequence: period 4.
Example 4.4.

(iv) Q21, a cyclic system: subtract, factorise, then cases.
Example 3.9.

5.8 COMMON MISTAKES

Students often lose marks on these points.
(i) Squaring both sides can add roots. Check every
candidate in the original equation.

(ii) AM and GM need non-negative terms.

(iii) A least value needs an equality case that actually
happens, not only a bound.

(iv) Dividing by x — y loses the case x = y; cancelling
a term needs it non-zero.

() A case split must cover every case.

(i) |—x] # —|x] unless x is an integer, and V22 =
|x], not x.

(vii) Vieta counts roots with multiplicity, complex roots
included.

(iii) A function found from special values must be

checked in the equation.

(ix) “Find all” needs every solution and a reason why
there are no others.

5.9 A MIXED PROBLEM SET

The exercises below are not arranged by chapter, as in
the actual paper. Before solving, decide from the table
in 5.6 which method the question needs. Answers with
one-line hints are at the end of this part.

EXERCISES 5

1
5.1 Find the least value of x2 + ?6 for x > 0.

5.2 Positive reals x, y satisfy x +y = 3. Find the largest
value of xy?.

5.3 Find the least value of (a + b) (% + %) for positive
a,b.

5.4 Real numbers x, y satisfy x> + y?> = 25. Find the
largest value of 3x + 4y.

5.5 Find the least value of x> + y? + z? for real num-
bers with 2x —y + 2z = 9.

5.6 Positive reals a, b, ¢ satisfy abc = 1. Find the least
value of (1+a)(1+b)(1+c).

5.7 How many ordered triples (a,b,c) with a,b,c €
{1,2,...,17} satisfy a3 + b® + 3 + 2abc = a?b +
a%c + b%c + b*a + c?a + c*b? (Math Prize for Girls
2012)

5.8 Non-zero reals a,b, ¢ satisfy a + b + ¢ = 0. Find
(uz +b2+ C2)2
at + bt 4t
5.9 a, 3,7y are the roots of x> —3x2+1 = 0. Find
(a+B)(B+7)(7r+a).

5.10 a1 = 1 and 4,11 = a, + 2n. Find ayy.
s.11 Find V1] + V2] + - + [V100].
5.12 f(x) —|—2f(%) = 3x for all real x # 0. Find f(2).
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5.13 How many pairs of integers (x, y) satisfy x? + > <
2x +4y —1?

rarr v ANSWERS TO THE EXERCISES

Every answer below was checked by computer, by di-
rect search or exact calculation. The hint gives only the
first step of the solution; if it is enough, complete the

question yourself before reading further.

CHAPTER 1 - IDENTITIES AND MANIPULATION
1.1 12 a+b+c:0givesa3+b3+c3:3ubc.
1.2 80 s —3sp=125—45.

1.3 123 t, =3t, 1 — ty_n: 2,3,7,18,47,123.

1.2 461 n(n+1)(n+2)(n+3)+1= (n?+3n+1)% with
n = 20.

1.5 6 11+6v2 = (3++2)%

1.6 88 pair the factors: (22 +21/143)(2+/143 —22) = 572 —
484.

1.7 4030057 with a = 2007 the fraction is a*> +a + 1, as
1+a*+(a+1)*=2(a>+a+1)>%

1.8 11221 a* +b* + (a +b)* = 2(a® +ab+b%)?,a = 11,
b = 100.

1.9 3 (x=2)2+(y—1)2=0.

1.10 —% three times the equation is 6(y — x)? + 2(3x +
1)2=0,s0x=y=—1.

1.1 11 #7290 < 5300 — 52 < 125.

1.12 109 1+4+4-16* =545-481 =5-109-13 - 37.

1.13 4 notallequal,sox+y+z =0;withx =y,z = —2x
and 3x + 3z = 6.

CHAPTER 2 - POLYNOMIALS

2.1 3x+1 R=rx+swithr+s=4and —2r+s = —5.

2.2 7 (x? + px +49)(x? — px — 41); the x term gives p =
—1,and k = 8 — p%.
2.3 44 roots 4 —d, 4,4+ d; 4(16 — d*) = 48; roots 2,4, 6.

7 v1_¢e _7/2
24 § Y2 = Z% = ﬁ
2.5 5 % =a+1gives pr = pr_2 + pr_3: p1.5 = 0,2,3,2,5.
2.6 37 Y(a—b)? = 3-3083 — 952 = 224; gaps 8,4;
25,88}, 5/

2.7 46 (42 —4x —7)(x®> —2x—2); p = 1+3, g9 =

142v2
=

2.8 % (2x —1)(x® — 2x — 4); the roots 1 4 /5 are irrational.
2.9 0 P(k) =5 = (k—a)(k—b)(k—c)(k—d)R(k) = 3

needs four distinct divisors of 3 with product dividing 3.

2.10 4 0,1, x, x2.

2.11 39 P(x) =3x+ (x—1)(x —2)(x —3)(x — 4).
2.12 0 atx = w: w0 + W 41 =w+w?+1.

2.13 1366 (1+w)'?2 = (1+ w?)12 = 1: 40%42

CHAPTER 3 - EQUATIONS AND FUNCTIONAL EQUATIONS
3.1 33 a+c=2b,soN=13b,b=11,a+ b+ c = 3b.

3.2 8 r+g¢=2b,w=13b,s0b =3, w = 39; thenr =1,
§=5k=4N=42

3.3 63 2”}’1—;115 in lowest terms; (1 + 1)% = 1024, n = 31.
34 0 s=3,p= %,butreala,bneeds2 > 4p.

3.5 4 (s,p) = (5,0)o0r(1,—12), giving (5,0), (0,5), (4, —3),
(=3,4).

3.6 x=0a=25b=3%(a-b2?+@-1)2+b-1)>*=
0.

3.7 % with u = x — 1, each term u+1+%f

2/u + :%(u—\/u—o—fi)zzo;sox:y:z.

3.8 6 |x—2|+|x—7| > 5, with equality for2 < x < 7.
3.9 5 |2x] =2nor2n+1;3n+1 = 10 givesn = 3,
{x} >

3.0 (1,1,1) x+y+z=xy+yz+zx = 3,80 x>+ y* +
zzznyrszrzx.

1
3

311 1 a+b+c=0,50b*>—a> = areads (a —b)c = a;
multiply the three.

3.12 10 the three equations give f(x) = =2,

3.13 —% with1—xforx: f(x) = w

CHAPTER 4 - SEQUENCES, SERIES AND RECURSIONS

4.1 550 d =3,a1 = —1,S5y = 10(—2+57),

4.2 502 (n—m)(n+m+1) = 4024 = 8- 503, factors of
opposite parity.

iitianforum.com

REAL STUDY, GENUINE RESULTS 31



[ TOQM MATHEMATICS HANDBOOK - PART IV .- ALGEBRA ]

lITIANFORUM

101 rpk1 prhkel 1101
45 o0 % I =10 2

4.6 56 b, = —

Anfp41

has b, =b, 1+mn,by=1.

4.7 1 both equal 1990 — 1991 (ghe + - - - + 1055 )-
4.8 45 period 6, and 2023 = 1,2024 =2 (mod 6).
4.9 2 2, —1,% repeat, and 2026 =1 (mod 3).

IS

.10 913 the first ten terms add to 11f;.

IS

.11 171 add with weights 1,-2,4,...,256: 1 —2 + 4 —
-+ 4 256.

4.12 4895 FlOFll = 55-89.
4.13 58025 roots2,3: a, = 3" —2".

CHAPTER 5 - INEQUALITIES AND PROBLEM SOLVING

5.1 12 xz—l—%—l—% 23\3/64,equalityatx:2.
5.2 4 AMandGMonx,%,%;x:l,y:Z.

5.3 9 Cauchy: (a+Db)(2 +2) > (1+2)% ath=2a

o
IS

25 (3x +4y)? < 25(x2 +y?); at (3,4).
5.5 9 (2x —y+22)?2 <9(x? +y* +2%);at (2,—1,2).
5.6 8 1+a>2\/aforeachfactor;a=b=c=1.

5.7 408 (a+b—c)(b+c—a)(c+a—0b) = 0; 136 triples

with ¢ = a + b, times 3.

5.8 2 a+b+c=0givesa*+b*+c* = 1(a%+2+2)2
5.9 1 a+ B =3—1:theproductis (3—a)(3—pB)(3—1).
5.10 381 ay=1+4+2(14+2+---+19).

s5.11 625 |Vk| = m for 2m + 1 values; Y,_, m(2m + 1) +
10.

5.2 —1 x = 2and x = 1: f(2) +2f(3) = 6 f(3)+
2£(2) = §.

5.13 13 (x —1)% + (y — 2)? < 4: lattice points of a disc of

radius 2.
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[ A NOTE BEFORE YOU CLOSE IT ]

Four things worth remembering

Every IOQM answer is an integer from 00 to 99, so it is tempting to guess. Do not guess. An algebra answer
is complete only when every step can be reversed or checked: a root found after squaring is checked in the

equation, a least value comes with the values that reach it, and a case split covers every case.

Decide the method before you start. The table in section 5.6 sums up this part in eight rows: an expression,
values of a polynomial, its roots, an equation, a system, a functional equation, a sequence, a largest or least

value. If you cannot say which row a question belongs to, read it again before calculating.

Revise this part three times. The first pass, a few weeks out, is slow and complete, with every exercise
attempted. The second, a week out, is only the gold cards and the worked examples. The third, on the
morning of the paper, is only the dark cards and the common mistakes of section 5.8, since these are the

mistakes most likely to happen in the paper.

Finally, tell us when we are wrong. If a line here does not match what you work out, write to
ritesh@iitianforum.com or academics@iitianforum.com with the page and the line. Corrections go into the

next edition, and the student who finds one is credited in it.
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